ASTI IT1809
The Analysis Framework

Analyzing the Algorithm

In analyzing an algorithm, one of the qualities that should be considered is efficiency.

e Space Efficiency or Complexity — It is the amount of computer space or memory required by an algorithm (including the
input values of the algorithm) to complete its execution and produce the result. The memory space we consider is the
space of primary memory.

Types of Space Complexity
=  Constant Space Complexity

= Linear Space Complexity

Components of Space/Memory Use:

Description
It is the amount of memory used to store a compiled
version of instructions.
It is the amount of memory used to store all the
variables and constants.
It is the amount of memory used to store information of
partially executed functions at the time of function call.

Instruction space

Data space

Run-time Stack Space/Environmental Stack

Memory Required to Store Different Data Type Values:

Data Types Storage size Value range
char 1 byte -128 to 127 or 0 to 255
unsigned char 1 byte 0 to 255
signed char 1 byte -128 to 127
int 2 or 4 bytes -32,768 to 32,767 or -
2,147,483,648 to
2,147,483,647
Integer Types unsigned int 2 or 4 bytes 0 to 65535 or 0 to
4,294,967,295
short 2 bytes -32,768 to 32,767
unsigned short 2 bytes 0 to 65,535
long 4 bytes -2,147,483,648 to
2,147,483,647
unsigned long 4 bytes 0 to 4,294,967,295
float 4 byte 1.2E-38 to 3.4E+38
Floating-Point Types double 8 byte 2.3E-308 to 1.7E+308
long double 10 byte 3.4E-4932 to 1.1E+4932

e Time Efficiency or Complexity.
0 T(n)—Itisthe amount of computer time required by each operation to execute.

The actual running time of an algorithm depends on many factors:
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1. Computer’s speed (Whether it is running on a single processor machine or multi-processor machine,
whether it is a 32bit machine or 64bit machine, read and write speed of the machine.)

An algorithm may run faster in one machine but not to another machine because it depends on the
computer’s speed. Limited computer memory affects the efficiency of the algorithm. If you want your
computer to run faster in nearly all cases, consider upgrading the CPU.

2. Quality of the program implementing the algorithm (Input data)

Running complex programs is difficult as compared to running simple programs. Usually, it depends on
the input size like sorting algorithm that does better on small lists but slower on longer lists.

3. Compiler used in generating the machine code (The amount of time required by an algorithm to
perform Arithmetic operations, logical operations, return value and assignment operations, etc.)

The use of compiler in generating the machine code affects the efficiency of the algorithm because once
in the process of compilation, the compiler effectively controls the final configuration of the hardware
and how it operates.

0 Cqp—Itis the amount of computer time required for a single operation in each line.
=  Comments =0 step
=  Assignment statement which does not involve any calls to other algorithms = 1 step
=  Condition statement = 1 step

0 (C(n)-—Itis the amount of computer time required by each operation for all its repetitions.
=  Loop condition for n times = n + 1 steps
= Body of loop = n steps

Types of Time Complexity

= Constant Time Complexity
= Linear Time Complexity

Asymptotic Notations and Basic Efficiency Classes
Algorithm’s Growth Rate (aka Asymptotic Notations)

e These are a set of languages that allow us to analyze an algorithm’s running time for asymptotic analysis by identifying
its behavior as the input size for the algorithm increases.

e (Classification of Increase (Growth)
0 Increase with the same rate — Does it mostly maintain its quick run time as the input size increases?
0 Increase with a slower rate — Does the algorithm suddenly become incredibly slow when the input size increases?
O Increase with a faster rate

Three (3) Types of Asymptotic Notations

1. Big-0 Notation (0) (with a capital letter O, not a zero) (aka Landau's symbol)
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It comes from the name of the German number theoretician Edmund Landau who invented the
notation.

Unlike in Big Q (omega) and Big O (theta), the ‘O’ in Big O is not Greek. It stands for the rate of growth
of a function is also called its order.

This notation is used to describe the asymptotic upper-bound on growth rate or the worst case of an
algorithm in terms of time complexity by taking the highest order of a polynomial function and ignoring
all the constants value since they are not that influential for sufficiently large input.

In general, a function t(n) or f(n) is O(g(n)) if there exist positive constants c and no such that t(n) or f(n)
<c*g(n)foralln>ng

Formally, O(g(n)) = {f(n) : 3 positive constants c and ng, such that ¥n > no, we have 0 < f(n) < cg(n)}.
Intuitively, a set of all functions whose rate of growth is the same as or lower than that of g(n).

Where
0 “fis big-O of g”
0 “gasymptotically dominates f”

Problem 1: Problem 2: Problem 3:
[ ] [ ] [ ]
Solution: Solution: Solution:

The Big-O notation can be derived from t(n) or f(n) using the following steps:
1. In each term, set the coefficient of the term to 1. In short, if the term has a constant, that
constant will be changed to a value of 1.
2. Keep the term in the function with the highest exponent and discard the least significant terms
3. Terms are ranked from lowest to highest as shown:

- . . Estimat _—
Efficiency Big-O Iterations s;ir:inaeed Description Example

The operation takes the
same amount of time, no 5, 25,
matter how much data we 6000
are dealing with.

Constant 0(1)
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The time taken by the
operation increases with
the size of the data set. In
short, the algorithm takes a
longer time per item on
Logarithmic O(log n) smaller datasets relative to
larger ones. A perfect
example of an algorithm
that utilizes this approach is
the binary search or the
merge sort algorithm.

logsn,
logn

The operation is performed
n amount of times. The
most common and simplest
Linear O(n) example is the classic “for
loop,” in which particular
operation is repeated n
amount of times.

5n, 25n,
6000n

Linear n logsn,
logarithmic O(n(logzn)) nlogn

The operation is performed
n * n times. To execute a
program n * n times, we
need to nest a “for loop.”

Examples of algorithms
taking  quadratic time
include the  following
algorithms:

e Bubble sort

e Selection sort

e Insertion sort

Quadratic 0(n?)

5n?,
Polynomial 0O(n%) 25n%,
6000n*?

The time taken by the
operation gets n times 5",
bigger with every additional | g6000n
input.

Exponential O(c")

Factorial O(n!)
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A problem that can be solved with polynomial worst-case complexity is called tractable.

Problems of higher complexity are called intractable.

Problem 1: Problem 2:
[ ] [ ]
Solution: Solution:
e Stepl: e Step1l:
e Step2: e Step2:
e Step3: e Step3:

Problem 3:

Solution:
e Stepl:

e Step2:

e Step3:

2. Big-Omega Notation (Q)

This notation is used to describe the asymptotic lower-bound on growth rate or the best case of an
algorithm in terms of time complexity. Its only difference from the Big O definition is the omega symbol
and the greater than or equal to a symbol (which was less than or equal to in Big O).

In general, a function t(n) or f(n) is Q(g(n)) if there exists positive constants c and ng such that t(n) or f(n)

>c * g(n) forsome n>no,

Formally, Q(g(n)) = {f(n) : 3 positive constants c and ng, such that ¥n > no, we have 0 < cg(n) < f(n)}.
Intuitively, a set of all functions whose rate of growth is the same as or higher than that of g(n).

Where
0 “fis big-Omega of g”

Problem 1:

Problem 2:

Solution:

Solution:

Problem 3:

Solution:
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3. Big-Theta Notation (©)
e This notation is used to describe asymptotic tight bound for it bounds a function from above and below.
e In general, a function t(n) or f(n) is ©(g(n)) if there exists a constant c1, ¢z, o > 0; such that for every
integer n > ny we have c1 * g(n) <t(n) or f(n) <c; * g(n).
e Formally, ©(g(n)) = {f(n) : 3 positive constants ci, ¢z, and no, such that Yn> ng, 0<c1g(n) < f(n) < c g(n)}.
e Intuitively, set of all functions that have the same rate of growth as g(n).

Where
0 “fis big-Theta of g”
o0 “fisof orderg”
0 “fand g are of the same order”

Problem 1: Problem 2: Problem 3:
[ [ ] [
Solution: Solution: Solution:
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