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Abstract

Many real-world dynamic systems, both natural and artificial, are understood to be perform-

ing computations. For artificial dynamic systems, explicitly designed to perform computation—
such as digital computers—by construction, we can identify which aspects of the dynamic sys-

tem match the input and output of the computation that it performs, as well as the aspects of the
dynamic system that match the intermediate logical variables of that computation. In contrast, in
many naturally occurring dynamic systems that we understand to be computers, even though we
neither designed nor constructed them—such as the human brain—it is not a priori clear how to
identify the computation we presume to be encoded in the dynamic system. Regardless of their
origin, dynamic systems capable of computation can, in principle, be mapped onto correspond-
ing abstract computational machines that perform the same operations. In this paper, we begin by
surveying a wide range of dynamic systems whose computational properties have been studied. We
then introduce a very broadly applicable framework for identifying what computation(s) are emu-
lated by a given dynamic system. After an introduction, we summarize key examples of dynamic
systems whose computational properties have been studied. We then introduce a very broadly
applicable framework that defines the computation performed by a given dynamic system in terms
of maps between that system’s evolution and the evolution of an abstract computational machine.
We illustrate this framework with several examples from the literature, in particular discussing why
some of those examples do not fully fall within the remit of our framework. We also briefly discuss
several related issues, such as uncomputability in dynamic systems, and how to quantify the ‘value
of computation’ in naturally occurring computers. We conclude with a discussion of some of the
promising directions for future research.

1. Introduction

1.1. Background
From neural networks in simple organisms to modern cloud computer systems to human social systems,
computational processes are pervasive in both natural and artificial dynamic systems [1-4]. Centuries of
research have significantly advanced our theoretical understanding of some of these computational pro-
cesses. In particular, mathematical developments have deepened our understanding of the computabil-
ity [5], computational complexity [6], and (resource-bounded) Kolmogorov complexity [6, 7] of compu-
tational tasks. These developments are exemplified by deep issues like the famous P versus NP problem.
In addition, there has been great progress in our ability to design and then physically construct
dynamic systems to implement specific computations. To do this, we identify the initial (perhaps coarse-
grained) state of the dynamic system with the desired input to the algorithm, and its final state (if it
exists) is identified with the output of the computation. So changing the actual dynamics of the system
constitutes changing the computation itself.

© 2026 The Author(s). Published by IOP Publishing Ltd
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Crucially, in such human-constructed computers, we choose the decoding map, taking the degrees
of freedom of the dynamic system to the logical variables in the abstract computer we wish to view that
system as implementing. This means that the relationship between such a system’s dynamics and the
computer it is implementing is explicitly known before the dynamic system starts its evolution. In short,
we have an a priori computational blueprint for mapping the dynamics of the dynamic system to that of a
computer.

As a point of contrast, consider naturally occurring dynamic systems that are often viewed as per-
forming computations, even though humans did not explicitly construct those systems to perform some
specific computation. Examples of such dynamic systems range from individual cells to entire brains to
turbulent flows to whole human societies. Even systems like off-equilibrium spin networks have been
viewed as systems performing computations [8].

In these naturally occurring systems, there is no pre-specified decoding map taking the degrees
of freedom of the dynamic system into the logical variables of an abstract computational machine.
Moreover, the same dynamic system can often be viewed as performing different computations, depend-
ing on how we choose to map the dynamic system’s variables to logical variables in a computational
machine, i.e. how to decode those variables. (This is true of both human-constructed dynamic systems
and naturally occurring ones.) More precisely, changing that map not only changes how we interpret the
dynamic system’s initial state as the input to a computer; it can also change how we interpret the sub-
sequent dynamics of that system as a computation unfolding.

In fact, many (fixed) dynamic systems can be viewed as performing an infinite set of different com-
putations, depending on our choice of the decoding map. A proof sketch of this is given in section 4.1
(see also [9]).

1.2. Constructed versus non-constructed computers
Our goal with this paper is to formalize exactly how one can decode the states of a dynamic system into
the logical variables in a computer, and then to review examples of such dynamic systems.

To begin, we highlight the fact that intuitively speaking, there are two different types of dynamic sys-
tems we can interpret as performing a computation. We will not formally define a distinction between
these two types of computers. Rather, we introduce this distinction because it is useful for thinking
about the issue of how to identify the computation(s) implemented by any given dynamic sense.

In the first type of dynamic system, the decoding of some of the dynamic system’s variables as the
logical variables of a computational machine is known ahead of time, before that dynamic system actu-
ally undergoes its dynamics. In this paper, we are interested in such dynamic systems that are physical
devices arising in the real world, where the decoding function is chosen by a human engineer or scient-
ist who has designed and then constructed that physical device, with the explicit goal of using the device
together with that decoding function to implement some specific computational machine. We will refer
to dynamic systems of this type as constructed computers. Ultimate examples of constructed computers
are the digital devices that underlie modern society. See, e.g. [10] for a recent discussion.

The second type of dynamic system does not involve a human designing and then constructing a
physical device with an explicit goal of having it implement a desired computation. Rather, it is the goal
of the human investigating such systems to infer a decoding of some of the variables of that dynamic
system as the logical variables of a computational machine. We will refer to dynamic systems of this
second type as non-constructed computers. For completeness, we stipulate that the human analyzing
any specific non-constructed computer has no knowledge of any a priori, privileged decoding of some of
its physical variables as the logical variables of a computational machine.

Many (though not all) non-constructed computers occur in biological systems. Much of the work
in the literature on such computers involves the human choosing a way to decode its physical variables
so that the resultant computational machine has some desired computational behavior, e.g. so that it
is computationally universal. Quintessential examples of such non-constructed computers are found
throughout biology, including brains, eusocial insect colonies, and individual cells.

We do not mean to restrict non-constructed computers to biological systems, however. As an
example of a non-constructed computer which is not ‘biological’ in the usual sense, albeit a fanci-
ful example, we could imagine that humanity discovers an alien computer, along with an instruction
manual for using it. In this case, no human has constructed the dynamic system, but the ‘correct’ encod-
ing is known ahead of time to those humans.

This distinction between constructed and non-constructed computers is not as clear-cut as one might
wish. In particular, suppose we modified the characteristics of a turbulent flow found in nature to have
it implement one computation rather than another. Strictly speaking, this is a constructed computer.
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However, because we start with a physical system already found in nature, there are aspects of this sys-
tem that overlap with those of non-constructed computers.

Indeed, arguably, the classification of computers as either constructed or non-constructed is ulti-
mately anthropomorphic, since it relies on the availability of a preferred decoding map to an external
observer (such as a human engineer) ahead of time, rather than on intrinsic dynamic properties of the
system alone. However, as already emphasized in this section, this observer dependence is not specific
to the constructed versus non-constructed distinction: in fact, a single fixed dynamic system can be
viewed as performing infinitely many different computations, depending on the choice of decoding map.
Consequently, any attribution of computation necessarily depends on which decoding map is chosen—a
choice typically made by a human analyzing the dynamic system.

To illustrate this point, consider an alien encountering both a digital computer and a biological sys-
tem (e.g. a brain). Depending on the criteria adopted, the alien might classify both systems as ‘construc-
ted” (one by humans, the other by evolution), or as ‘non-constructed’ if no preferred decoding map is
accessible to the aliens.

2. Focus of this paper

How should we identify the computation done by a dynamic system when it is non-constructed, and so
we do not have a pre-specified way of mapping its states to logical variables? Is there a principled way
to identify what computation (or set of computations) is performed by an arbitrary (time-stationary)
dynamic system without pre-specifying how we decode its states into logical variables?

In general, we can identify many (often infinite) different computations with the dynamics of any
given non-constructed dynamic system [9], even if that dynamic system is not computationally universal
(so that the result derived in section 1.1 does not apply). How should we choose one of the many differ-
ent computations that are consistent with the observed behavior of such a dynamic system, and privilege
it as ‘the’ computation that the system is performing [11]?

As ill-posed as this question is, answering it is a necessary first step to being able to construct a gen-
eral framework for analyzing what computation(s) are performed by any dynamic system.

In this paper, we illustrate these issues by considering a broad range of non-constructed computers.
This focus means that we do not consider nonstandard types of artificial (constructed) computers, like
neuromorphic computers [12—14], liquid brain computers, human-constructed analog computers, etc.
Just like standard computers, which are digital and typically use von Neumann architectures, the human
designer of such non-standard artificial computers determines ahead of time how to identify the vari-
ables in the dynamic system with logical variables in an associated computation. This is true of all con-
structed computers, essentially by definition. Similarly, due to the limits of space, we do not explicitly
consider quantum computation [15-17], nor analog computation (see [18, 19] and references therein).
We note, though, that the formalism we present in section 4.2 is broad enough to encompass all of
these.

As a final comment, we emphasize that we do not restrict ourselves to dynamic systems that are
either Turing universal and/or that can exhibit uncomputable behavior. (Those specific issues are briefly
discussed in section 6 below.) Our interest is in dynamic systems that can be interpreted as implement-
ing any computational machine considered in computer science (CS) theory, even if it is weaker than
universal Turing machines (TMs), e.g. any machine from the Chomsky hierarchy.

The structure of the rest of the paper is as follows: we begin in section 3 with a quick review of
some of the non-constructed computers that have been investigated in the literature. As mentioned
above, in general, many (often infinitely many) different computational machines are implemented by
a given non-constructed computer. Accordingly, in section 4.2 we introduce a broadly applicable frame-
work for identifying the set of all possible computational machines that are implemented by any given
non-constructed dynamic system.

In section 5 we then briefly illustrate our framework on some of the examples of non-constructed
computers found in the literature. Next in section 6 we present a very brief summary of earlier work on
TMs implemented by non-constructed computers. We end in section 8 with a discussion of the many
instances of non-constructed computers that neither our framework nor any other framework we are
aware of fully captures, and so might be quite fruitful topics for future research.

3. Examples of dynamic systems that implement computation

In this section, we discuss several examples of dynamic systems that can be seen as performing compu-
tation. The set of examples we present is meant to be illustrative rather than exhaustive; there are many
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other examples of dynamic systems that are capable of computation. We start with a summary of a few
non-constructed computers:

o Neuroscience. While it is common to compare a brain to a computer metaphorically, it has also
been suggested that a brain can be viewed as a ‘computer’ in a more formal sense [20]. In particu-
lar, there has been extensive discussion of the hypotheses that the brain is operating near a critical
point [21-24], and that it exhibits quasi-critical dynamics [25]. This has led many researchers to apply
information-theoretic concepts like predictive coding to analyze neuronal dynamics, see, e.g. [26-29].
Similarly, recent studies have focused on the computational power of the human brain [30].

o Groups of multiple interacting biological organisms. There are many instances in biology of groups
of multiple biological organisms that are commonly viewed as performing computation. One canon-
ical example is eusocial insect colonies. The collective behavior of such colonies, induced by processes
like stigmergy (31, 32], the ‘waggle dance’ of bees [33], etc is often interpreted as performing compu-
tation. Indeed, much research has been designing computational algorithms to perform optimization
explicitly inspired by stigmergy [34-36].

There are many other similar examples. A notable one is animal swarms, e.g. of fish, starlings,
etc [37], whose joint dynamics has been viewed as performing a computation. These swarms coordin-
ate primarily through visual means. Slime molds, in contrast, are also often viewed as performing
computation [38], though visual processing is not involved. Another striking example of naturally
occurring dynamic systems, which are often decoded as computing systems, are entire human soci-
eties, ranging from hunter-gatherer tribes to modern economies [39, 40].

o Computations by single cells in multi-cellular organisms. There are also many examples of single bio-
logical organisms that are commonly viewed as performing computation, even those lacking a nervous
system. One canonical example is genetic regulatory networks [41, 42], which are often formulated as
extensions of Boolean circuits, with recurrence allowed. Another example is ‘chromatin computation,
which involves the feedback system of the expressed genes in a cell nucleus, creating proteins that then
change which genes are expressed in that same cell nucleus [43]. Even simple ribosomes, translating
RNA into amino acid sequences, have been viewed as a ‘simple kind of computer’ [44]. See [45] for
other examples along these lines.

e Canonical examples of non-constructed computers in philosophy of science. There has also been some
semi-formal work in the philosophy of science on what criteria should be used to identify the com-
putation done by a given dynamic system. For the most part, this work does not distinguish between
constructed and non-constructed computers. It also does not consider the broad range of kinds of
(non-constructed) computers discussed above. Specific topics addressed in this literature range from
(ontic) pancomputationalism to the role of counterfactuals to the physical Church—Turing thesis. See
[9] for a review.

Next, we describe several important classes of dynamic systems that have been used in the literature to
investigate the relationship between dynamic systems, broadly construed, and computational machines.
Since these dynamic systems are purely abstract, strictly speaking, they are constructed computers.
Nonetheless, they are important to understand since they illustrate many of the central issues in how
dynamic systems can be seen as performing computation.

o Systems far from thermodynamic equilibrium. In the real world, essentially all computers that com-
plete a calculation in finite time must operate far from thermodynamic equilibrium. In the last few
decades, a set of powerful theorems concerning the thermodynamics of such systems has been derived
by applying recent results from stochastic thermodynamics to analyze idealized computational systems.
These results from stochastic thermodynamics include various thermodynamic speed limit theorems
[46, 47], thermodynamic uncertainty relations [48-50], and first-passage time entropy production
results [51, 52]. All of these results provide formal bounds to the evolution of every physical dynamic
system, and so, in particular, these results apply to all physical computational systems, whether
evolving stochastically or deterministically [53-56]. The results in this body of work are sometimes
called ‘stochastic thermodynamics of computation’[4, 57]. Recent work in the stochastic thermody-
namics of computation has analyzed thermodynamic costs of TMs [58], computation with circuits [54,
59], and discrete finite automata [60], even when there is absolute irreversibility [53]. Many topics
remain open [4].
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o Cellular automata (CA). CA are a class of dynamic systems that involve grids (typically infinite, and
often one-dimensional) of ‘cells, each of which has its own small state space (often just a single
bit) [61]. In each (discrete time) step of a CA, all of the cells update their state based on their earlier
state and that of the cells in their immediate neighborhood on the grid. Typically, the rule for such
updates is the same for all cells in the CA. Therefore, this rule specifies a dynamic system whose state
space is the joint state of all of its cells (sometimes called a ‘configuration’).

CA can exhibit extremely rich types of behavior even for simple, homogeneous rules. As a result,
they have been considered prototypical systems to investigate the possibility of the emergence of artifi-
cial life [62, 63]. Adopting a CS paradigm instead, one would like to view any given CA as a compu-
tational machine. The idea would be to identify the initial joint state of all the cells as the input to the
computational machine, while the subsequent dynamics of the joint state represent the computation
itself [64].

Crucially, though, there is no a priori specification of how the configurations of a CA encode the
inputs and outputs of a computation (never mind how such configurations at intermediate times
encode the intermediate states of a computational machine). In this, CAs are a canonical example of
a dynamic system without any interpretation as a computer that we have chosen ahead of time.

That being said, there has been some quite fruitful work investigating the connection between CA
and computation, where one chooses such an encoding ahead of time and then sets the initial con-
figuration accordingly. This line of work stretches back at least to [65]. In that and subsequent work,
Wolfram argued that a CA running ‘Rule 110’ (using his terminology) is Turing complete [66] when
the number of cells is countably infinite. This was later formally proven by Cook [67]. The deep rela-
tion between TMs, CA, and also both formal systems and Godel’s incompleteness theorem was extens-
ively discussed in [68]. This deep relation was more recently used to define a ‘biological arrow of time’
[69]. The relation between CA and TMs has also been recently studied in the specific case of fungi
[70].

e Symbolic dynamics. Deterministic dynamics of infinite strings of symbols is sometimes called ‘sym-
bolic dynamics. It has been well studied in CS, since many symbolic dynamics systems provide simpli-
fied descriptions of more complex computational processes.

Indeed, note that the direct definition of a symbolic dynamic system can be seen as a TM with the
head removed, so that the dynamics of the infinite tape/symbol sequence does not depend on the state
of some such head. Despite this, one can prove that the ‘generalized shift map’ is computationally uni-
versal, i.e. as powerful as arbitrary TMs [71]. (See also [72, 73], which is appearing in this special
issue.) The proof of this result was soon followed by closely related studies on topological dynamics
[74] and computational universality of arbitrary symbolic dynamics [75].

e Microstate dynamics of systems whose macrostate dynamics are constructed computers. There has
been some very intriguing research considering the empirically observed low-level dynamics of real-
world digital computational systems whose high-level dynamics implement digital programs. A natural
research question concerning such systems is whether there is a (almost) bijective map between the
‘kind of program’ being implemented and some broadly defined set of properties of the associated
digital dynamic system. If there is, that raises the question of whether we can extend that bijection to
infer what ‘programs’ are implemented by arbitrary dynamic systems, based on the properties of their
dynamics. For some examples, see [76, 77].

4. Universality of emulating computational machines

As described above, our goal in this paper is to investigate non-constructed computers, which are
dynamic systems where we must ‘infer’ the decoding of some of the physical variables of that system
into the logical variables of a computational machine, so that we view the dynamic system as imple-
menting that machine. To address this issue in its full generality, we need to formalize precisely what
we mean by such ‘decoding’. In other words, we need a map ¢! taking (a coarse-graining of) an arbit-
rary dynamic system A (either in discrete or continuous space and/or time) to a computational machine
B such that the dynamics of A can be mapped to the dynamics of B.

To help ground our definitions of the maps back and forth between a computational machine and a
dynamic system, in the next subsection we present a proof sketch for the claim in the introduction, that
a given dynamic system can be viewed as performing an infinite set of different computations, depend-
ing on the particular choice of the decoding map. The following parts of this section then present our
full set of definitions, in a completely formal manner.
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4.1. There are many dynamic systems that can be viewed as performing an infinite set of computations
Essentially, the claim is established just by defining terms. First, for any universal TM U, write (p, x) for
an arbitrary input to U, where p is the specification of an arbitrary TM and x is a bit string in the halt-
ing set of p. So we can write U(p,x) for the output tape of U when it reaches a halting state after start-
ing with an input (p,x) in U’s halting set, and U(p,x) = p(x), the output of p when it reaches a halting
state after starting with input x.

Fact 1. It is well-known that there are many pairs of physically realized dynamic system =, together with an
associated UTM U, such that the state space X of = contains two non-overlapping countably infinite subsets
A, B with the following properties:

(i) There is a surjective encoding map a4 taking the set of all possible (p, x) in the halting set of U to A:
(ii) There is a bijective decoding map «vg between the set of all possible U(p, x) and all of B;
(iii) For all pairs (p, x), the first state in B that = reaches after being in state a4 (x) is

ag(U(p,x)) = ap(p(x)).

Suppose we are given such a pair of a dynamic system = and associated UTM U. Let p’ be the
encoding into the input string of U of some specific (always halting) TM. We wish that TM to be emu-
lated by the dynamics of = if we use some appropriate decoding map of the states of =. Formally, this
means that there is some countably infinite subset C C X, some (possibly finite) D C X, and associated
maps ac and ap, such that for all bit strings x, in the halting set of the TM p’, if Z is in state ac(xo) at
some time then the first state that = reaches in D after then is ap(p’(x)).

We can use (E,U) to perform this emulation by taking C:= {(p,x) €A:p=p'}, ac(x) ==
aalp’,x), D={y€ B:3xap(U(p’,x)) =y}, and for all x € D, ap(x) := ag(U(p’,x)). Since the TM p’
is arbitrary, this establishes the claim.

Note that there is no assumption in fact 1 concerning the dynamics of = for any time after it first
reaches B. We also make no assumptions about the dynamics of = once it leaves A but before it reaches
B. So our definition does not concern the relationship between the step-by-step evolution of = and the
step-by-step evolution of p.

In this, the definition in fact 1 is weaker than the definition of a computationally universal dynamic
system considered below in section 4.2. However, with some more work, the same result that is proved
here can be extended to apply to the dynamic systems considered in the next section section 4.2.

4.2. Formal definition of emulating a computational machine with a dynamic system
In this subsection we both fully formalize and extend the definitions introduced in section 1.
First, we adopt the common definition that a dynamic system is any triple (X, T,f) where:

(i) X is a set whose elements we call ‘states’;
(ii) T is a set of (real-valued) times;
(i) f: Tx T X X+ X such that for all x, € X, for all t,¢',¢'' € T such that t' >t > t:
(@) flt,t" %) = ft' ¢ f(t, ), x1))
(b) ft,t,%) = x4

The requirement of (iii)a expresses the fact that we can interpret f as the evolution operator of a
system whose dynamics is deterministic. In contrast, the requirement of (iii)b simply expresses the fact
that the system cannot be in more than one state at once. As shorthand, for all A C X, write f{(.,.,A) for
the map taking A to the set {f{.,.,a) : a € A}. We will say that a dynamic system (X, T.f) is reversible if
for all t,t' > t,x € X,

Ax' #x: f(t,t,x) =f(t,t',x'). (1)

Next, we need to define the computation that we wish (X, T,f) to implement/emulate. Such a com-
putation is itself a dynamic system, of course, just evolving over a space of ‘computational variables’ Y
rather than over an arbitrary X. Moreover, in general, we are interested in pairs of a dynamic system
(X, T,f) and computation (Y, T,g) such that the dynamics of more than one x € X will emulate the evol-
ution of a single element in Y. (In other words, the emulation will be coarse-grained.) Accordingly, we
say that the dynamic system (Y, T,g) is emulated by the dynamic system (X, T,f) if there is a surjective
function ¢ from elements in Y to the elements of a partition of X such that

6
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(iv) forall1,#' €T,y €Y,

fltt', o) Cegtt'y)). 2)

The use of C rather than a strict equality in item iv reflects the fact that we do not require that the ini-
tial set () has to evolve into the whole set ¢(g(#,¢’,y)) under the dynamics, but it can evolve just into
a proper subset, still corresponding to the same state g(#',t’,y) of the computational machine.

We will abuse notation and write ¢! (x) := y for all x € p(y). In the sequel, we will sometimes refer
to the dynamic system (Y, T,g) as a ‘computational machine’.

We will sometimes refer to ¢! as the decoding function, with ¢ being the encoding function.
Reflecting the roles usually played by the two dynamic systems, when the dynamic system (Y, T,g) is
time-reversible we will say that it is logically reversible, and when the dynamic system (X, T,f) is time-
reversible we will say that it is physically reversible. In general, logical and physical (ir)reversibility are
distinct properties; the former is the property of a computational device, while the latter is the prop-
erty of a physical system’s dynamics. In particular, by different choices of ¢, the same dynamical system
that is physically reversible can simulate either logically reversible or logically irreversible computations,
depending on ¢ [78-80]. (See [81] and references therein.)

Note that different y get mapped by ¢ to non-overlapping subsets of X, i.e. to different bins in a
coarse-graining of X. Although in general it is not required, in the rest of this paper, we assume that the
dynamics given by f over these coarse-grained bins is single-valued. To formalize this, write the coarse-
grained bin containing any x as 2 (x). So we implicitly assume that for all x,x’ : X(x) = X (x’), and for
all t,t' > t,

X[f(e,t,x)] = X[t x")]. (3)

Combining this requirement with item iv means that we can follow a three-step procedure to determine
how g will evolve any y € Y from ¢ to t'. First, we pick any x in the associated subset ¢ (y) C X. Next we
evolve that x from ¢ to ¢’ using f. Then we find the (unique) y’ such that ¢(y’) contains that evolved x.
We can write this three-step procedure as

e (6t () =g(tt',y) (4)

where $(y) is a single-valued function from Y to X that is arbitrary, so long as for all y € Y, §(y) €
e(y).

We emphasize that our definition of emulation is completely general. In particular (Y, T,g) can have
super-Turing computational power, or can be strictly weaker than TMs (e.g. a deterministic finite auto-
maton). In particular, there is no specification of some special ‘halt states’ in X. This ensures that (for
example) our definition encompasses dynamic systems like the human brain, that never reach a ‘halt
state, but rather compute on a continual basis. However, if we wish to consider emulation of a TM, we
can simply choose some set of bins in X'(X) that we wish to identify as halt states, and then require that
if (X, T,f) ever reaches such a halt state, it never changes afterward.

One notable peculiarity of emulation is how time arises in the two dynamic systems. Suppose
the dynamic system (X, T,f) is a real physical process, while (Y, T,g) is some abstract computational
machine, e.g. one of the machines in the Chomsky hierarchy. Our definition of emulation implicitly
treats ‘time’ in that computational machine as identical to ‘time’ in the physical dynamic system. At the
cost of more complicated notation, we could extend the definition of emulation to allow the time that f
takes to finish its emulation to differ from the time that g takes to perform the original map, i.e. so that
the times ¢, t on the left-hand side of item iv are not equal to the times f, ' on the right-hand side, but
rather are given by a function of those two times on the right-hand side. However, there is no reason to
consider such notation in this paper.

Note as well that it is straightforward to modify item iv to allow nondeterministic computational
machines (as defined in CS theory), by allowing ¢! to be a many-valued function. This would mean
that the sets ©(y),(y’) might overlap for certain pairs y,y’ # y. (We could alternatively capture non-
deterministic computation by modifying the definition of f to be many-valued.) Similarly, it is straight-
forward to modify item iv to include stochasticity in g (as in probabilistic TMs, stochastic finite auto-
mata, etc).
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4.3. Formal definition of the central question of this special issue, and the importance of constraints
We can now formalize the topic of this paper as the following, central question:

What is the set of all dynamic systems (Y, T,g) that are emulated by any given (arbitrary)
dynamic system (X, T, f)?

Note that this central question is not the same as the question of whether a specific dynamic system
(Y, T,g) is emulated by some other specific dynamic system (X, T,f). Such variants of our central ques-
tions have been investigated in the literature, mostly for the case where (Y, T,g) is a universal Turing
machine [65, 71-73, 82-87], or an extension of one [75, 88]. This special case is discussed further below,
in section 6.

In general, we (and the other contributors to this focus issue) are primarily interested in these issues
when certain constraints are imposed. For example, we might require that T=7, Y =B*, and (Y, T,g)
is a machine in the Chomsky hierarchy. A second example is where f is an evolving physical system,
and we require f to reach a physical state we interpret as a ‘halting condition’ while using less than
some bound on (physical) time. A related, third example is where f is again an evolving physical sys-
tem, where we might require f to reach a physical state we interpret as a ‘halting condition’ while using
less than some bound on (physical) free energy. (Note that the second and third of these examples differ
only in what resource cost is of interest.)

4.4. Constraints on the computational power of the encoding and decoding maps

Another kind of constraint that is very often imposed on our central question, even though it is almost
never stated explicitly, is that no non-trivial computation is allowed to be ‘hidden’ in the map .
Intuitively, very often we want to ensure that the dynamics of the computational machine being emu-
lated is not hidden in the encoding function from the initial state of that machine to the initial state of
the dynamic system that will emulate it.

An extreme version of this constraint is forbidding the initial state p(y) to already be the final result
of the computation, g(#,t’,y). After all, if that were the case, it would mean that f{#,¢',5(y)) only needs
to implement the identity map. For similar reasons, we do not want any non-trivial computation to be
‘hidden’ in the decoding function =1,

A natural way to enforce such constraints on the encoding and decoding functions is to bound the
time complexity or space complexity (in CSs sense of the terms) of any universal TM that implements
those maps @ and ~! [6, 89]. To illustrate this, consider the case where T is the set of all natural num-
bers. Suppose as well that both X and Y are countably infinite (which, if (X, T,f)) is a real classical
dynamic system, would mean that X is a coarse-graining of phase space). So the state spaces of both
dynamic systems can be represented as (a subset of) B*, the set of all finite bit strings. This means that
both 12 and +~! are maps from B* into B*.

In real-world scenarios of this type, we typically want ¢ to be easily computable, e.g. in polynomial
time. After all, if it is worse than polynomial time, then we would not be able to initialize the emulating
dynamic system (X, T,f) in a timely manner if the initial bit string y € Y whose evolution we wish to
emulate is too long. Indeed, if ¢ is the update function of a UTM that runs in polynomial time for all
inputs in its halting set, then emulating that UTM with (X, T,f) would be counterproductive. In other
words, if we impose the constraint that ¢ be polynomial time and so polynomial space, it ensures that
not much computation is hidden in .

Similarly, again as a practical issue, we typically want ¢! to be easily computable (e.g. in polyno-
mial time), in order to ‘read out’ the state of the dynamic system f at the time ¢’ as the result of the
computation g. If we impose such a constraint, it ensures that not much computation is hidden in ¢~
(see [90]). So by imposing these constraints on ¢! and , respectively, we ensure that neither is more
computationally powerful than a polynomial computational machine (Y, T,g)".

One downside of this approach to enforcing the constraints is that often, if ¢ is more computation-
ally powerful than polynomial time, we would want to allow @ and/or ¢! to match g’s power, rather
than be forced to be weaker. One way to extend the approach to handle this scenario is to only require
that » and/or ¢! be (polynomial time) reducible to g. For the case of {, this would mean that there
exists a polynomial-time TM K mapping all (¢,¢' > t,y) to a pair (y*,#* > t) such that ¢(y) = g(t,t*,y*)

1

> As an aside, note that imposing such a constraint on @ is closely analogous to the requirement that a reduction (in the CS sense of the
term) from one computational machine to another be polynomial time. In CS, though, it is implicitly assumed that there is no need to
consider the time complexity of the analog of ¢!, which corresponds to inverting the reduction, to get back the answer to the original
decision problem. In fact, inverting functions is the focus of a different body of research in CS theory, involving one-way functions,
cryptography, etc [6].
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and such that K(¢,¢',y) completes in a time that is a polynomial function of the length of the binary
representation of (t,t’,y) [6, 89]. (The case of ¢! would be defined similarly.)

5. Illustrations of the formal definition of dynamic systems emulating computational
machines

In this section, we briefly summarize some additional examples of dynamic systems that emulate com-
puters (or seem to), beyond those already presented in section 3. Our goal with these examples is to
illustrate our definitions in section 4.2.

In all of these examples, we present an overview of how to establish that the dynamics of the appro-
priately instantiated physical systems is equivalent to a TM, under the appropriate interpretation of
its states in terms of logical variables (i.e. for the appropriate decoding function). With some caveats,
described below, these equivalences mean that the associated physical systems are “Turing-complete’,

i.e. capable of performing any computation that a TM can.

In order to establish such Turing-completeness, the typical strategy is not to show directly the equi-
valence between the dynamic system and the TM. Usually, it is more convenient to construct a map-
ping to a system that is well-known to be Turing-complete (systems like the lambda-calculus, general-
ized recursive functions, register systems, Post canonical systems, or CA, just to name a few). This is the
strategy in the examples mentioned below.

5.1. Billiard ball model of computer
One of the earliest attempts to build a computer that operated purely mechanically was proposed by
Fredkin and Toffoli [91]. They introduced the concept of conservative logic. Conservative logic is designed
to respect both physical and logical reversibility. It is also designed to respect composition, which can be
related to assumption (iii) of the definition above. Specifically, they considered a model of balls with a
fixed non-zero radius initially positioned and moving in a suitable fashion in a properly configured con-
tainer (i.e. one containing appropriately angled walls). They are mapping that system in such a way that
the container configuration represents a specific logically reversible Boolean circuit, while the presence/-
absence of a ball in a specific position represents the state of a gate of that circuit. They then showed
that, supposing collisions between the balls and between them and the walls of the container are purely
elastic, this system could implement any Boolean circuit. In this sense, their billiard ball model is com-
putationally universal [5].

We can identify the quantities in this model of a computer with the quantities in section 4.2 as
follows:

e X is an appropriate finite subset of the (classical) phase space of N hard balls, I'. We denote the
coarse-grained space as L.

o f is the discrete-time dynamics through I' assuming they evolve according to frictionless kinetics with
perfectly elastic collisions. f also encodes the container that lets the balls elastically reflect the con-
tainer walls when they hit them.

e Y is the Cartesian product of an integer-valued discrete-time counter and BY, where B := {0,1} and
N is the number of Boolean gates in the Boolean circuit that is being implemented by the billiard ball
computer.

e g is specified by the dynamics of the (logically reversible) Boolean circuit, i.e. the (counter-dependent)
discrete-time map setting the joint state of an associated subset of N of the binary gates, based on the
just-computed values of each gate’s parents in the circuit.

e The domain of o~! is the Cartesian product of I and the value of the counter, i. The function ¢~
maps any such element to the joint state of the subset of N of the gates in the Boolean circuit that
was just set after the 7'th iteration of the gates in the circuit. Note that the subset of the N gates
uniquely specifies the ending joint state of the output gates of the circuit.

1

We assume that the dynamic system (X, T,f) together with ¢ (and therefore together with I') obeys
equation (3). At the initial value of the counter, Y includes the input gates, and at the final value of the
counter, it includes the output gates.

5.2. Computation with chemical reaction networks
Another example of a physical system that is capable of emulating a computer is a chemical reaction
network (CRN), i.e. a finite set of coupled chemical reactions defined stoichiometrically, e.g.

A+B— C+D.
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Appropriate CRNs can encode a broad set of computational functions, where the input is the initial
concentrations and the output is the final concentrations after the set of reactions equilibrates. It has
been shown that non-inhibitory CRNs in which reaction rates can vary arbitrarily over time can encode
continuous, piecewise linear functions [92]. On the other hand, inhibitor CRNs (iCRNs) that consist of
reactions of the form
/1
A+B>C+D,
where the reaction happens if reactantsA and B are present and the inhibitor I is absent, can compute
any computable function f: N — N [93]. This is shown by mapping the iCRNs to the register machines,
which are known to be Turing-complete [94].
We can identify the quantities in this model of a computer with the quantities in section 4.2 as
follows:

e X is the set of concentrations of the chemical compounds used in the CRN; the initial concentrations
correspond to the input variables, and the final (i.e. the equilibrium) concentrations correspond to the
output variables.

e f is the chemical reaction network, i.e. the list of reactions that are possible

o Y is the set of registers R; in the register model

e g is the set of instructions in the register model (e.g. the increment function INC or decrement func-
tion DEC)

e ¢ describes the mapping from the concentration operations through the iCRN to the set of instruc-
tions (i.e. the algorithm) in the register machine

5.3. Fluid computers
We end with a discussion of some types of dynamic systems that do not emulate TMs, in the formal
sense of our definitions, even though they do have a certain kind of “Turing-completeness’

Ever since [71], several researchers have raised the question of whether fluid flows are capable of
performing (universal) computation. Tao suggested [95] that there might be a connection between
potential blow-ups of Navier—Stokes equations, Turing completeness, and such fluid computation. In a
recent paper [72], the authors constructed a TM from a dynamic system described by the Euler flow on
Riemann S® by identifying the flows with generalized shift maps that are equivalent (‘conjugate’) to a
TM. The way they did this can be summarized as follows. First, they construct a compact 3-dimensional
manifold where Euler flows are defined, i.e. where the set of stationary vector fields u(x) that fulfill the
following conditions

Vu=0 (incompressibility)

(u-V)u=—Vp (Euler equation)

is well-defined. The streamlines (also called trajectories) of u x, (%, = u(x,)) are identified with time
evolution on the manifold. The conjugacy with TMs is established through showing the equivalence

between the Euler flow and the Generalized shift map, which was shown to be conjugate to a TM in
earlier work [71].

A small variant of this group of authors also showed the existence of ‘Turing-complete’ flows in
other compact manifolds [96] as well as in Euclidean spaces [97]. Furthermore, in a series of recent
studies, the authors show that the flow on a smooth bordism of a vector field with good local proper-
ties can simulate any Turing-computable function [73]. Finally, they construct Turing-complete steady
flows of Navier—Stokes fields [98]. A recent discussion can be found in [99].

In a recent study [100], this and related approaches to emulating computation in dynamic systems
were summarized with the following definition of (what the authors call) “Turing-complete’:

‘A dynamic system X on the topological space M is Turing complete if there exists a uni-
versal TM Ty such that for each initial configuration ¢ of Ty, there exists a (computable)
point p. € M and a (computable) open set U, C M such that Ty halts with input c if and
only if the positive trajectory of X through p. intersects U,

Although dynamic systems that have this ‘fluid computer Turing-completeness’ (FCTC) are similar in
some aspects to the dynamic systems that emulate UTMs (in the formal sense defined in section 4),
there are some important differences.

10
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Often, we are not interested in whether a given TM halts for a given input. Rather, we want to
know the output of a TM when it does halt, for such a given input. To use an FCTC to decide even just
whether a TM T that has input I halts with some specific output O, one needs to encode I and O both in
p.. Given some such encoding, one could use a countably infinite set of FCTCs, each run on a different
Do to perform the desired computation of the actual output O. For example, one could do this using the
‘dovetailing’ procedure of CS theory. However, this procedure would require a second dynamic system to
sift among that infinite set of FCTCs, watching which has halted when, and what output O is encoded in
the p, of that FCTC if and when it does halt.®) No such dynamic system is considered in [72].

Note as well that even if the definition of an FCTC were extended somehow to have it compute the
output string when a given TM with a given input halts, FCTCs would still only implement the partial
function of that TM. They provide no information about the full dynamics of that TM through its state
space of instantaneous descriptions (IDs), as it evolves from one iteration of its update function to the
next. In other words, they do not construct an analog of the map ¢ central to our approach, taking an
arbitrary state of the TM to a subset of X. Nor does the definition of an FCTC involve a set T of times,
like those considered in our approach. These differences between FCTCs and the kinds of systems we
consider above reflect the fact that the goals in the investigations of FCTCs are different from ours.

6. Uncomputability in dynamic systems

Many dynamic systems (X, T,f) have been explicitly shown to have properties that are uncomputable,

in that no TM that is guaranteed to halt for all inputs can compute those properties ahead of time

[87]. Recent work has discussed examples of such systems. Bausch et al [101] proved that for a spe-

cific Hamiltonian of a many-body quantum system, the task of determining the phase diagram is gen-
erally uncomputable. This result is based on the fact that the problem of deciding whether a many-
body quantum system has a spectral gap is at least as hard as solving the Halting problem, and therefore
undecidable (i.e. the bit of whether there is a spectral gap is uncomputable) [86]. Similarly, Shiraishi and
Matsumoto [85] showed that for a general quantum many-body system, the question of whether the sys-
tem thermalizes is undecidable. Undecidability has not only been established for quantum systems. For
instance, Gonda et al [102] discussed whether a general spin model is equivalent to a TM. Additionally,
Purcell et al [103] created a family of Hamiltonians that has a guaranteed single phase transition. Yet, the
location of this phase transition is uncomputable since it is determined by the value of Chaitin’s con-
stant, which is known to be uncomputable.

These kinds of results have motivated several authors to suggest that it might be useful to study
physical dynamic systems with more computational power than TMs [104, 105]. These systems are typ-
ically called super-Turing capable systems in the literature.

The concept of dynamic systems with super-Turing capability leads us to carefully consider the ori-
ginal form of the Church-Turing thesis. As recently discussed in [106], there are at least three forms of
the Church-Turing thesis. The strongest version called Super-bold physical Church—Turing thesis or total
physical computability thesis, assumes that every physical aspect of any real-world system must be Turing
computable. While some of the aforementioned examples might point to the fact that this thesis might
be too strong, it is open to debate whether the uncomputability problem is not just a mathematical arti-
fact of the underlying theories (e.g. quantum mechanics) and whether it is rather not a constraint that
the underlying physical theories should follow.

On the other hand, there are at least two weaker versions of the Church—Turing thesis that are not so
restrictive. The first one, the Church-Turing—Deutsch—Wolfram thesis, proposes that every physical system
can be simulated on a TM. An even more modest version, called the Physical computation thesis, pro-
poses that every function computed by any physical computing system is Turing-computable.

To date, it is not known which (or even whether) any of the forms of the Church—Turing thesis is
correct. However, recent discussions suggest that the Church-Turing thesis should not be understood
primarily as a claim about the intrinsic computability or super-computability of physical systems, but

6 In a dovetailing procedure, one would run the dynamic system simultaneously, in a staggered manner, for more and more output
strings O, so that if the TM T halts with input I, so would the dovetailed instances of the dynamic system, and furthermore, the instance
of the dynamic system that halts would be the one specifying the precise output O produced by T on input I. (One might think it would
suffice to just run a single FCTC iteratively, for every possible output O. However, this would have the problem that for some given

T, I, where T(I) = O, the dynamic system never halts for some output O’ that it is run on (in the sense that it goes through the point
Ur,0,T) before it is ever run on the correct output, O. The dovetailing procedure avoids this problem by running iteratively more and
more instances of the dynamic system at the same time, just for different inputs, in a staggered fashion [7]. This dovetailing approach
will result in one of the instances of the dynamic system halting with the correct output O, and no instances will halt with an incorrect
output).

11
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rather as an epistemic statement: namely, about whether we could ever confirm that a dynamic system
we encounter computes functions beyond the Turing limit. From this perspective, even if a physical sys-
tem possessed such capabilities, our inability to unambiguously identify and verify the corresponding
decoding map would prevent us from operationally establishing this fact. This viewpoint reflects the
approach taken in this paper, which emphasizes that claims about computation are necessarily relative
to the observer’s access to and justification for a particular decoding map.

7. Value of computation

For many dynamic systems, both constructed and non-constructed, it might not be particularly import-
ant to identify the precise computation done by the dynamic system, nor the amount of computation
that it does. Rather, it is the value of computation done by such systems that is their most important
property. Such a value of computation might be the most important quantity concerning the future
evolution of the system. A typical example is (biological) evolutionary systems, in which the value of
computation can be defined by the future dynamics of one or more fitness functions.

To illustrate this in more detail, consider an agent that has some initial information about its envir-
onment, and which uses that information to compute the best action to take on its environment, in
order to increase the value of its ‘viability’ For example, this viability may be the ability of the agent to
extract free energy from its environment, i.e. to adaptively respond to environmental perturbations that
it senses, thereby maximizing long-term reproductive fitness. The better the computation the agent does,
the higher its viability will be after this subsequent interaction with its environment. Some preliminary
work has been done in [107, 108].

To make this concrete, suppose we have three time-steps, t = {t1,%,,#;}, and an agent who comprises
two variables, a memory variable, X", and an action variable, X?. We represent the agent’s variables as
X = {X™,X"}. For simplicity, we represent the state of the environment as a single variable, Y. The joint
system’s dynamics proceed as follows:

(i) At time t = 1, there is some statistical coupling between X" and Y, e.g. reflecting earlier
observations by the agent of variables in the environment.

(ii) During the time interval t € (¢;,%], X and Y evolve independently of one another, i.e.
P(ye, x:|1, %1, ) = P(ye|ys, )P(x¢|x1, ). We can also assume that X* does not change during that
evolution. We identify the evolution of the agent’s joint memory state during this time as its
performing a ‘computation), based on the initial value of its memory at the start of the interval.

(iii) At the end of this interval, at t = t,, there is a conditional distribution P(X?|X™) that uses the state
of the agent’s memory to set the value of their action variable.

(iv) Then, during t € (t;,1;], the agent’s variable X* and environment are coupled via some
(exogenously specified) interaction Hamiltonian H;y(x,y) that was set to 0 before the interval

(v) At t=t3, that interaction Hamiltonian is set to 0, i.e. it is removed. For completeness, we can
assume that X" does not change during that time interval t € (t,,1].

(vi) At this point, the entire cycle can repeat, perhaps after an intervening interval in which the
statistical coupling between X" and Y is reset.

As in the semantic value of information framework [109], we are interested in the value of a viab-
ility function concerning the distribution P(x;,). Examples of that function include the KL divergence
from P(x;,) to the stationary state of X under a rate matrix governing its dynamics, or the KL divergence
to the Boltzmann distribution of the agent [109, 110]. (Note the similarity of this setup to closed-loop
control, in control theory, just with unusual objective functions).

In other situations, other kinds of viability are more directly of interest. In particular, often the relev-
ant type of viability involves embodiment constraints. As an example, often we are interested in the min-
imal amount of thermodynamic work required by the agent to go from the distribution over its possible
states (X,,,X,) at f3 to some desired target distribution over those states, before the cycle repeats. In this
case, the viability function would be (negative of) the amount of work expended to effect that change
in the distribution. Crucially though, the agent must implement that change in distributions while sub-
ject to some set of constraints on rate matrices and/or Hamiltonians governing the dynamics of X, con-
straints which reflect limitations of the agent. Those are the embodiment constraints.

As a variant, in some situations it makes sense to consider viability functions that do not involve the
amount of work required to go from one ending state distribution to another. For example, if the agents
under consideration are biological organisms, the viability function could be the difference in the begin-
ning and ending distributions of some particular non-energetic resource (like carbon, or phosphorus,
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or some such) rather than the amount of work. Such viability functions can be of interest either where
there are embodiment constraints or not, depending on the precise scenario that is being modeled.

In all of these scenarios, we would identify the dynamics from X}' to X|! as emulating some specific
computation, i.e. that dynamics is the computation performed by the agent. The precise form of the
dynamics over X" would specify the precise computational machine being emulated by the agent. The
value of that computation would quantify the ‘power’” or ‘complexity’ of that computation.

8. Future work

There are many avenues to be explored for future research. Some were discussed above, in the main text.
Here we list a few others of particular interest.

e Computers that interact with input and output systems.
All constructed computers crucially rely on there being at least two additional dynamic systems that
they interact with:
(I) An input system to determine the initial state of the computer and/or an input (or stream of
inputs) into that computer;
(O) An output system to observe the outputs of the computer.
(The analysis of computers that receive streams of inputs was pioneered by Karp; see [111].)

Unless it is accompanied by these extra systems, no human would be able to actually use a
particular constructed computer. However, just because it is accompanied by such input and output
systems does not ensure that a given constructed computer is usable. For example, an input system
that requires fixing an infinite number of digits in an arbitrary real number would be ruled out, as
(tautologically?) beyond human capability to construct.

How does the problem of identifying computation in real-world dynamic systems change if we
expand it to involve triples of dynamic systems, including both (usable) input and output systems, in
addition to a computer system that they are coupled with? How does the problem change if we
combine (I) and (O) into a single system, an external environment that interacts with the computer’s
outputs and determines its inputs?

e Dynamic systems as optimizers of an objective function.
One approach to inferring what computation is done by an arbitrary non-constructed dynamic system
relies on knowing (or assuming) an objective function that the dynamic system optimizes. In
particular, some research in neurobiology has imposed specific tasks on a biological system and then
tried to use the system’s (neurological) response to those tasks to infer the dynamic system’s
computational algorithm for achieving that task. This approach implicitly presupposes that the
dynamics of the biological system are optimized to perform well at the specific task that the researcher
is able to impose on the system. For example, if the biological system is an organism with a central
nervous system and a large brain, this approach has relied on presupposing that the brain can
perform optimally at the task of recording a memory [112], or at the task of decomposing the form
of a sensory stimulus after the brain has processed it into a form that matches the structure of the
stimulus [113].

However, in the vast majority of non-constructed dynamic systems, we have no such objective
function we can rely on to identify the computation performed by the system. Even in the context of
neurobiology, often the fundamental goal an organism is addressing can remain elusive, never mind
what computation they might be using to achieve such a goal.

If we do restrict ourselves to systems where there is a clear objective function, what are the best
methods for inferring from the change in the dynamics of the system when the task is imposed,
exactly what computational algorithm is used to achieve the task?

¢ Quantifying the amount of computation emulated by a dynamic system rather than the precise
computation.
A perhaps simpler issue than identifying the precise computation emulated by a dynamic system
(X, T,f) would be to identify the ‘amount of computation’ done by that system. In general, this would
mean we do not need to consider an explicitly emulated dynamic system (Y, T,g), or a map taking the
dynamics given by g to the dynamics given by f [114].

As an illustration of this approach, we should mention the rich theory that quantifies the
‘randomness’ of an infinite string using the machinery of algorithmic randomness (i.e. prefix-free
Kolmogorov complexity). The idea would be to suppose that any given observed finite string w of
length n is just the first n symbols of an infinite string, . The supposition is that the infinite string &
is being generated by some computational system, with noise added (e.g. due to observational
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limitations). The idea is to examine the substrings in w to estimate both the rate of ‘how much
computation” was being done by the computational system, and the rate of noise being added to
generate .

For example, in the limit that n — oo, if the string were random in the Martin-Ldf sense, then its
randomness deficiency would approach a constant, i.e. the difference between the (prefix) Kolmogorov
complexity of the first n symbols in the strings and the length of the string would approach a
constant as n — oo [7, 115, 116]. To generate any such maximally random string, a (prefix) universal
TM would require the maximal possible (rate of )‘amount of computation’.

To instead measure the (rate of) computation performed by a dynamic system that does not
saturate the upper bound, it is natural to hypothesize that the Kolmogorov complexity K of the string
w of length n obeys

K(w)=an+c+0(1) (5)

for some constants «,c. (The constant « is sometimes called the ‘Kolmogorov rate’ in the literature.)
We could then suppose that o quantifies the fraction of the amount of computation in generating w,
i.e. the amount not due to noise.

To use this idea in practice, we would want to estimate o from our data, i.e. by examining
substrings of our single finite string w. In turn, to make such an estimate, we would need to use a
bound on Kolmogorov complexity, since that quantity is uncomputable. Standard choices for an
(upper) bound are Lempel-Ziv codelength [117], along with its many variants. (Loosely related
approaches have been used to estimate the complexity of biological systems [118], CA [119] or
neuronal spike trains [120].)

There are many variations of this approach that might be worth pursuing. Some would involve
considering the rate of the conditional Kolmogorov complexity of the most recent symbol in the
string, conditioned on the preceding substring as the string length grows. One might even consider
quantities like the entropy rate [121] rather than the Kolmogorov rate, especially in light of their tight
relationship in the limit of large strings. Of course, yet another related set of approaches could be
applied if our data consisted of multiple finite strings, rather than a single one, so that we would
focus on a distribution over strings and the associated expectation of the amount of computation.

For example, the fluid computers fit into this class of systems, for which one is able to estimate the
complexity of its dynamics. For the recent discussion about this connection, see recent
studies [99, 100].

o Higher-order Markov chain process and amount of computation.
As another example of how to quantify the amount of computation done by a dynamic system, note
that any real-world computer has lots of memory, reflecting (aspects of its) previous state. This means
that the variables in the computer’s core evolve in a way that is not first-order Markov. To illustrate
this, suppose we look at only the flash RAM of a constructed computer, without considering what’s
also stored on the disk, the dynamics of that flash RAM is a higher-order Markov process, or
equivalently, a hidden Markov model (HMM).

This suggests that we measure ‘how much computation’ a given dynamic system Z; is doing by
looking at the order of the Markov chain driving that dynamics, and/or the number of hidden states
in a first-order HMM that is driving that dynamics Z;. There are many ways we could do this. For
example, we could consider the maximal delay 7 such that the mutual information
I(Zy;Zi—1, ..., Zi—r) > € for some prefixed threshold e. Alternatively, we could take the maximal 7 such
that I(Z,;Z;—.) > €. It is not a priori clear which approach is more beneficial, see [122] for some
preliminary work along these lines. Alternatively, one can consider a delay-embedding of the process
Z; and estimate the minimal embedding dimension necessary for the process to be linear. (Cf., Takens’
theorem [123].)

e Hierarchical structure of non-constructed computers.
Many dynamic systems found in nature that we view as performing computation are physically
distributed (often with a hierarchical, modular structure). Can we gain insight into the dynamic
behavior of spatially distributed, heterogeneous dynamic systems in general by reformulating them in
a first-principles way as performing computation?

e Dynamic systems as models of continual computers.
Naturally occurring dynamic systems that we view as performing computation are very different from
standard one-shot computers like those performed by the machines in the Chomsky hierarchy, by
machines like CAs, by systems implementing symbolic dynamics, etc. Such one-shot computers receive
a single set of one or more inputs at a given time and then compute the associated output(s). In
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contrast, naturally occurring systems like the brain are continual computational systems — they are
getting new inputs continually, at random times, each input requiring a different computational task,
and those tasks overlap with one another in time. Physically, these continual computational systems
are not just open to the outside world once at initialization. Rather, they are always open, always
being perturbed. They are ‘embodied’ in the real world [111, 124, 125]. Does it help us to understand
how arbitrary real-world dynamic systems should be viewed as systems performing computations if we
restrict attention to such open, embodied systems?

e Collective computation.
Suppose one has a model of the dynamics of a system. To quantify ‘collective computation, focusing
on the collective component specifically, one can see how much the dynamics change if we sever all
communication among the subsystems. This quantifies the collective aspect of the computation, per se.
It does not say what it is that’s being computed, of course.

These are just a few of the many open problems regarding the theory of non-constructed com-
puters. Many of these problems are connected with the fact that computation is closely related and abso-
lutely crucial for all living systems. Without computation, no living systems could exist. However, as
we discussed above, many other dynamic systems are capable of computation. We believe that solving
some of the aforementioned issues will be beneficial for understanding both living and non-living non-
constructed computers.
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