from import ColumnTransformer

num_attribs = list(housing_num)
cat_attribs = ["ocean_proximity"]

full_pipeline = ColumnTransformer([
("num", num_pipeline, num_attribs),
("cat", OneHotEncoder(), cat_attribs),
D

housing_prepared = full_pipeline.fit_transform(housing)

First we import the ColumnTransformer class, next we get the list of numerical col-
umn names and the list of categorical column names, and then we construct a Colum
nTransformer. The constructor requires a list of tuples, where each tuple contains a
name,?” a transformer, and a list of names (or indices) of columns that the trans-
former should be applied to. In this example, we specify that the numerical columns
should be transformed using the num_pipeline that we defined earlier, and the cate-
gorical columns should be transformed using a OneHotEncoder. Finally, we apply this
ColumnTransformer to the housing data: it applies each transformer to the appropri-
ate columns and concatenates the outputs along the second axis (the transformers
must return the same number of rows).

Note that the OneHotEncoder returns a sparse matrix, while the num_pipeline returns
a dense matrix. When there is such a mix of sparse and dense matrices, the Colum
nTransformer estimates the density of the final matrix (i.e., the ratio of nonzero
cells), and it returns a sparse matrix if the density is lower than a given threshold (by
default, sparse_threshold=0.3). In this example, it returns a dense matrix. And
that’s it! We have a preprocessing pipeline that takes the full housing data and applies
the appropriate transformations to each column.

Instead of using a transformer, you can specify the string "drop" if
you want the columns to be dropped, or you can specify "pass
through" if you want the columns to be left untouched. By default,
the remaining columns (i.e., the ones that were not listed) will be
dropped, but you can set the remainder hyperparameter to any
transformer (or to "passthrough") if you want these columns to be

handled differently.

If you are using Scikit-Learn 0.19 or earlier, you can use a third-party library such as
sklearn-pandas, or you can roll out your own custom transformer to get the same
functionality as the ColumnTransformer. Alternatively, you can use the FeatureUnion

22 Just like for pipelines, the name can be anything as long as it does not contain double underscores.
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class, which can apply different transformers and concatenate their outputs. But you
cannot specify different columns for each transformer; they all apply to the whole
data. It is possible to work around this limitation using a custom transformer for col-
umn selection (see the Jupyter notebook for an example).

Select and Train a Model

At last! You framed the problem, you got the data and explored it, you sampled a
training set and a test set, and you wrote transformation pipelines to clean up and
prepare your data for Machine Learning algorithms automatically. You are now ready
to select and train a Machine Learning model.

Training and Evaluating on the Training Set

The good news is that thanks to all these previous steps, things are now going to be
much simpler than you might think. Let’s first train a Linear Regression model, like
we did in the previous chapter:

from import LinearRegression

lin_reg = LinearRegression()
1in_reg.fit(housing_prepared, housing_labels)

Done! You now have a working Linear Regression model. Let’s try it out on a few
instances from the training set:

>>> some_data = housing.iloc[:5]

>>> some_labels = housing_labels.iloc[:5]

>>> some_data_prepared = full_pipeline.transform(some_data)

>>> print("Predictions:", lin_reg.predict(some_data_prepared))

Predictions: [ 210644.6045 317768.8069 210956.4333 59218.9888 189747.5584]
>>> print("Labels:", list(some_labels))

Labels: [286600.0, 340600.0, 196900.0, 46300.0, 254500.0]

It works, although the predictions are not exactly accurate (e.g., the first prediction is

off by close to 40%!). Let’s measure this regression model's RMSE on the whole train-
ing set using Scikit-Learn’s mean_squared_error() function:

>>> from import mean_squared_error

>>> housing_predictions = lin_reg.predict(housing_prepared)

>>> 1lin_mse = mean_squared_error(housing_labels, housing_predictions)
>>> lin_rmse = np.sqrt(lin_mse)

>>> lin_rmse

68628.19819848922

This is better than nothing, but clearly not a great score: most districts’ median_hous
ing_values range between $120,000 and $265,000, so a typical prediction error of
$68,628 is not very satisfying. This is an example of a model underfitting the training
data. When this happens it can mean that the features do not provide enough
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information to make good predictions, or that the model is not powerful enough. As
we saw in the previous chapter, the main ways to fix underfitting are to select a more
powerful model, to feed the training algorithm with better features, or to reduce the
constraints on the model. This model is not regularized, which rules out the last
option. You could try to add more features (e.g., the log of the population), but first
let’s try a more complex model to see how it does.

Let’s train a DecisionTreeRegressor. This is a powerful model, capable of finding
complex nonlinear relationships in the data (Decision Trees are presented in more
detail in Chapter 6). The code should look familiar by now:

from import DecisionTreeRegressor

tree_reg = DecisionTreeRegressor()
tree_reg.fit(housing_prepared, housing_labels)

Now that the model is trained, let’s evaluate it on the training set:

>>> housing_predictions = tree_reg.predict(housing_prepared)

>>> tree_mse = mean_squared_error(housing_labels, housing_predictions)
>>> tree_rmse = np.sqrt(tree_mse)

>>> tree_rmse

0.0

Wait, what!? No error at all? Could this model really be absolutely perfect? Of course,
it is much more likely that the model has badly overfit the data. How can you be sure?
As we saw earlier, you don’t want to touch the test set until you are ready to launch a
model you are confident about, so you need to use part of the training set for training
and part of it for model validation.

Better Evaluation Using Cross-Validation

One way to evaluate the Decision Tree model would be to wuse the
train_test_split() function to split the training set into a smaller training set and a
validation set, then train your models against the smaller training set and evaluate
them against the validation set. It's a bit of work, but nothing too difficult, and it
would work fairly well.

A great alternative is to use Scikit-Learn’s K-fold cross-validation feature. The follow-
ing code randomly splits the training set into 10 distinct subsets called folds, then it
trains and evaluates the Decision Tree model 10 times, picking a different fold for
evaluation every time and training on the other 9 folds. The result is an array con-
taining the 10 evaluation scores:

from import cross_val_score

scores = cross_val_score(tree_reg, housing_prepared, housing_labels,
scoring="neg_mean_squared_error", cv=10)

tree_rmse_scores = np.sqrt(-scores)
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Scikit-Learn’s cross-validation features expect a utility function
(greater is better) rather than a cost function (lower is better), so
the scoring function is actually the opposite of the MSE (i.e., a neg-
ative value), which is why the preceding code computes -scores
before calculating the square root.

Let’s look at the results:

>>> def display_scores(scores):

. print("Scores:", scores)

. print("Mean:", scores.mean())

. print("Standard deviation:", scores.std())

>>> display_scores(tree_rmse_scores)

Scores: [70194.33680785 66855.16363941 72432.58244769 70758.73896782
71115.88230639 75585.14172901 70262.86139133 70273.6325285
75366.87952553 71231.65726027]

Mean: 71407.68766037929

Standard deviation: 2439.4345041191004

Now the Decision Tree doesn't look as good as it did earlier. In fact, it seems to per-
form worse than the Linear Regression model! Notice that cross-validation allows
you to get not only an estimate of the performance of your model, but also a measure
of how precise this estimate is (i.e., its standard deviation). The Decision Tree has a
score of approximately 71,407, generally +2,439. You would not have this information
if you just used one validation set. But cross-validation comes at the cost of training
the model several times, so it is not always possible.

Let’s compute the same scores for the Linear Regression model just to be sure:

>>> lin_scores = cross_val_score(lin_reg, housing_prepared, housing_labels,
. scoring="neg_mean_squared_error", cv=10)

>>> lin_rmse_scores = np.sqrt(-lin_scores)

>>> display_scores(lin_rmse_scores)

Scores: [66782.73843989 66960.118071 70347.95244419 74739.57052552
68031.13388938 71193.84183426 64969.63056405 68281.61137997
71552.91566558 67665.10082067]

Mean: 69052.46136345083

Standard deviation: 2731.674001798348

That’s right: the Decision Tree model is overfitting so badly that it performs worse
than the Linear Regression model.

Let’s try one last model now: the RandomForestRegressor. As we will see in Chap-
ter 7, Random Forests work by training many Decision Trees on random subsets of
the features, then averaging out their predictions. Building a model on top of many
other models is called Ensemble Learning, and it is often a great way to push ML algo-
rithms even further. We will skip most of the code since it is essentially the same as
for the other models:
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>>> from import RandomForestRegressor

>>> forest_reg = RandomForestRegressor()

>>> forest_reg.fit(housing_prepared, housing_labels)

>>> [...]

>>> forest_rmse

18603.515021376355

>>> display_scores(forest_rmse_scores)

Scores: [49519.80364233 47461.9115823 50029.02762854 52325.28068953
49308.39426421 53446.37892622 48634.8036574 47585.73832311
53490.10699751 50021.5852922 ]

Mean: 50182.303100336096

Standard deviation: 2097.0810550985693

Wow, this is much better: Random Forests look very promising. However, note that
the score on the training set is still much lower than on the validation sets, meaning
that the model is still overfitting the training set. Possible solutions for overfitting are
to simplify the model, constrain it (i.e., regularize it), or get a lot more training data.
Before you dive much deeper into Random Forests, however, you should try out
many other models from various categories of Machine Learning algorithms (e.g.,
several Support Vector Machines with different kernels, and possibly a neural net-
work), without spending too much time tweaking the hyperparameters. The goal is to
shortlist a few (two to five) promising models.

You should save every model you experiment with so that you can
come back easily to any model you want. Make sure you save both
the hyperparameters and the trained parameters, as well as the
cross-validation scores and perhaps the actual predictions as well.
This will allow you to easily compare scores across model types,
and compare the types of errors they make. You can easily save
Scikit-Learn models by using Python’s pickle module or by using
the joblib library, which is more efficient at serializing large
NumPy arrays (you can install this library using pip):

import
joblib.dump(my_model, "my model.pkl")

# and later..
my_model_loaded = joblib.load("my_model.pkl")

Fine-Tune Your Model

Let’s assume that you now have a shortlist of promising models. You now need to
fine-tune them. Let’s look at a few ways you can do that.
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Grid Search

One option would be to fiddle with the hyperparameters manually, until you find a
great combination of hyperparameter values. This would be very tedious work, and
you may not have time to explore many combinations.

Instead, you should get Scikit-Learn’s GridSearchCV to search for you. All you need
to do is tell it which hyperparameters you want it to experiment with and what values
to try out, and it will use cross-validation to evaluate all the possible combinations of
hyperparameter values. For example, the following code searches for the best combi-
nation of hyperparameter values for the RandomForestRegressor:

from import GridSearchCv

param_grid = [
{'n_estimators': [3, 10, 30], 'max_features': [2, 4, 6, 8]},
{'bootstrap': [False], 'n_estimators': [3, 10], 'max_features': [2, 3, 4]},

]

forest_reg = RandomForestRegressor()

grid_search = GridSearchCV(forest_reg, param_grid, cv=5,
scoring='neg_mean_squared_error',
return_train_score=True)

grid_search.fit(housing_prepared, housing_labels)

When you have no idea what value a hyperparameter should have,
a simple approach is to try out consecutive powers of 10 (or a
smaller number if you want a more fine-grained search, as shown
in this example with the n_estimators hyperparameter).

This param_grid tells Scikit-Learn to first evaluate all 3 x 4 = 12 combinations of
n_estimators and max_features hyperparameter values specified in the first dict
(don’t worry about what these hyperparameters mean for now; they will be explained
in Chapter 7), then try all 2 x 3 = 6 combinations of hyperparameter values in the
second dict, but this time with the bootstrap hyperparameter set to False instead of
True (which is the default value for this hyperparameter).

The grid search will explore 12 + 6 = 18 combinations of RandomForestRegressor
hyperparameter values, and it will train each model 5 times (since we are using five-
fold cross validation). In other words, all in all, there will be 18 x 5 = 90 rounds of
training! It may take quite a long time, but when it is done you can get the best com-
bination of parameters like this:

>>> grid_search.best_params_
{'max_features': 8, 'n_estimators': 30}

76 | Chapter2: End-to-End Machine Learning Project



Since 8 and 30 are the maximum values that were evaluated, you
should probably try searching again with higher values; the score
may continue to improve.

You can also get the best estimator directly:

>>> grid_search.best_estimator_

RandomForestRegressor(bootstrap=True, criterion='mse', max_depth=None,
max_features=8, max_leaf_nodes=None, min_impurity_decrease=0.0,
min_impurity_split=None, min_samples_leaf=1,
min_samples_split=2, min_weight_fraction_leaf=0.0,
n_estimators=30, n_jobs=None, oob_score=False, random_state=None,
verbose=0, warm_start=False)

If GridSearchCV is initialized with refit=True (which is the
default), then once it finds the best estimator using cross-
validation, it retrains it on the whole training set. This is usually a
good idea, since feeding it more data will likely improve its
performance.

And of course the evaluation scores are also available:

>>> cvres = grid_search.cv_results_

>>> for mean_score, params in zip(cvres['"mean_test_score"], cvres["params"]):
ces print(np.sqrt(-mean_score), params)

63669.05791727153 {'max_features': 2, 'n_estimators': 3}

55627.16171305252 {'max_features': 2, 'n_estimators': 10}

53384.57867637289 {'max_features': 2, 'n_estimators': 30}

60965.99185930139 {'max_features': 4, 'n_estimators': 3}

52740.98248528835 {'max_features': 4, 'n_estimators': 10}

50377.344409590376 {'max_features': 4, 'n_estimators': 30}

58663.84733372485 {'max_features': 6, 'n_estimators': 3}

52006.15355973719 {'max_features': 6, 'n_estimators': 10}

50146.465964159885 {'max_features': 6, 'n_estimators': 30}

57869.25504027614 {'max_features': 8, 'n_estimators': 3}

51711.09443660957 {'max_features': 8, 'n_estimators': 10}

49682.25345942335 {'max_features': 8, 'n_estimators': 30}

62895.088889905004 {'bootstrap': False, 'max_features': 2, 'n_estimators': 3}
54658.14484390074 {'bootstrap': False, 'max_features': 2, 'n_estimators': 10}
59470.399594730654 {'bootstrap': False, 'max_features': 3, 'n_estimators': 3}
52725.01091081235 {'bootstrap': False, 'max_features': 3, 'n_estimators': 10}
57490.612956065226 {'bootstrap': False, 'max_features': 4, 'n_estimators': 3}
51009.51445842374 {'bootstrap': False, 'max_features': 4, 'n_estimators': 10}

In this example, we obtain the best solution by setting the max_features hyperpara-
meter to 8 and the n_estimators hyperparameter to 30. The RMSE score for this
combination is 49,682, which is slightly better than the score you got earlier using the
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default hyperparameter values (which was 50,182). Congratulations, you have suc-
cessfully fine-tuned your best model!

Don’t forget that you can treat some of the data preparation steps as
hyperparameters. For example, the grid search will automatically
find out whether or not to add a feature you were not sure about
(e.g., using the add_bedrooms_per_room hyperparameter of your
CombinedAttributesAdder transformer). It may similarly be used
to automatically find the best way to handle outliers, missing fea-
tures, feature selection, and more.

Randomized Search

The grid search approach is fine when you are exploring relatively few combinations,
like in the previous example, but when the hyperparameter search space is large, it is
often preferable to use RandomizedSearchCV instead. This class can be used in much
the same way as the GridSearchCV class, but instead of trying out all possible combi-
nations, it evaluates a given number of random combinations by selecting a random
value for each hyperparameter at every iteration. This approach has two main
benefits:

o If you let the randomized search run for, say, 1,000 iterations, this approach will
explore 1,000 different values for each hyperparameter (instead of just a few val-
ues per hyperparameter with the grid search approach).

« Simply by setting the number of iterations, you have more control over the com-
puting budget you want to allocate to hyperparameter search.

Ensemble Methods

Another way to fine-tune your system is to try to combine the models that perform
best. The group (or “ensemble”) will often perform better than the best individual
model (just like Random Forests perform better than the individual Decision Trees
they rely on), especially if the individual models make very different types of errors.
We will cover this topic in more detail in Chapter 7.

Analyze the Best Models and Their Errors

You will often gain good insights on the problem by inspecting the best models. For
example, the RandomForestRegressor can indicate the relative importance of each
attribute for making accurate predictions:

>>> feature_importances = grid_search.best_estimator_.feature_importances_

>>> feature_importances
array([7.33442355e-02, 6.29090705e-02, 4.11437985e-02, 1.46726854e-02,
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1.41064835e-02, 1.48742809e-02, 1.42575993e-02, 3.66158981e-01,
5.64191792e-02, 1.08792957e-01, 5.33510773e-02, 1.03114883e-02,
1.64780994e-01, 6.02803867e-05, 1.96041560e-03, 2.85647464e-03])

Let’s display these importance scores next to their corresponding attribute names:

>>> extra_attribs = ["rooms_per_hhold", "pop_per_hhold", "bedrooms_per_room"]
>>> cat_encoder = full_pipeline.named_transformers_["cat"]
>>> cat_one_hot_attribs = list(cat_encoder.categories_[0])
>>> attributes = num_attribs + extra_attribs + cat_one_hot_attribs
>>> sorted(zip(feature_importances, attributes), reverse=True)
[(0.3661589806181342, 'median_income'),
(0.1647809935615905, 'INLAND'),
(0.10879295677551573, 'pop_per_hhold'),
(0.07334423551601242, 'longitude'),
(0.0629090704826203, 'latitude'),
(0.05641917918195401, 'rooms_per_hhold'),
(0.05335107734767581, 'bedrooms_per_room'),
(0.041143798478729635, 'housing_median_age'),
(0.014874280890402767, 'population'),
(0.014672685420543237, 'total_rooms'),
(0.014257599323407807, 'households'),
(0.014106483453584102, 'total_bedrooms'),
(0.010311488326303787, '<1H OCEAN'),
(0.002856474637320158, 'NEAR OCEAN'),
(0.00196041559947807, 'NEAR BAY'),
(6.028038672736599¢-05, 'ISLAND')]

With this information, you may want to try dropping some of the less useful features

(e.g., apparently only one ocean_proximity category is really useful, so you could try
dropping the others).

You should also look at the specific errors that your system makes, then try to under-
stand why it makes them and what could fix the problem (adding extra features or
getting rid of uninformative ones, cleaning up outliers, etc.).

Evaluate Your System on the Test Set

After tweaking your models for a while, you eventually have a system that performs
sufficiently well. Now is the time to evaluate the final model on the test set. There is
nothing special about this process; just get the predictors and the labels from your
test set, run your full_pipeline to transform the data (call transform(), not
fit_transform()—you do not want to fit the test set!), and evaluate the final model
on the test set:

final_model = grid_search.best_estimator_

X_test = strat_test_set.drop("median_house_value", axis=1)
y_test = strat_test_set["median_house_value"].copy()

X_test_prepared = full_pipeline.transform(X_test)
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final_predictions = final_model.predict(X_test_prepared)

final_mse = mean_squared_error(y_test, final_predictions)
final_rmse = np.sqrt(final_mse) # => evaluates to 47,730.2

In some cases, such a point estimate of the generalization error will not be quite
enough to convince you to launch: what if it is just 0.1% better than the model cur-
rently in production? You might want to have an idea of how precise this estimate is.
For this, you can compute a 95% confidence interval for the generalization error using
scipy.stats.t.interval():

>>> from import stats

>>> confidence = 0.95

>>> squared_errors = (final_predictions - y_test) ** 2

>>> np.sqrt(stats.t.interval(confidence, len(squared_errors) - 1,
loc=squared_errors.mean(),
scale=stats.sem(squared_errors)))

array([45685.10470776, 49691.25001878])

If you did a lot of hyperparameter tuning, the performance will usually be slightly
worse than what you measured using cross-validation (because your system ends up
fine-tuned to perform well on the validation data and will likely not perform as well
on unknown datasets). It is not the case in this example, but when this happens you
must resist the temptation to tweak the hyperparameters to make the numbers look
good on the test set; the improvements would be unlikely to generalize to new data.

Now comes the project prelaunch phase: you need to present your solution (high-
lighting what you have learned, what worked and what did not, what assumptions
were made, and what your system’s limitations are), document everything, and create
nice presentations with clear visualizations and easy-to-remember statements (e.g.,
“the median income is the number one predictor of housing prices”). In this Califor-
nia housing example, the final performance of the system is not better than the
experts’ price estimates, which were often off by about 20%, but it may still be a good
idea to launch it, especially if this frees up some time for the experts so they can work
on more interesting and productive tasks.

Launch, Monitor, and Maintain Your System

Perfect, you got approval to launch! You now need to get your solution ready for pro-
duction (e.g., polish the code, write documentation and tests, and so on). Then you
can deploy your model to your production environment. One way to do this is to save
the trained Scikit-Learn model (e.g., using joblib), including the full preprocessing
and prediction pipeline, then load this trained model within your production envi-
ronment and use it to make predictions by calling its predict() method. For exam-
ple, perhaps the model will be used within a website: the user will type in some data
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about a new district and click the Estimate Price button. This will send a query con-
taining the data to the web server, which will forward it to your web application, and
finally your code will simply call the model’s predict() method (you want to load the
model upon server startup, rather than every time the model is used). Alternatively,
you can wrap the model within a dedicated web service that your web application can
query through a REST API* (see Figure 2-17). This makes it easier to upgrade your
model to new versions without interrupting the main application. It also simplifies
scaling, since you can start as many web services as needed and load-balance the
requests coming from your web application across these web services. Moreover, it
allows your web application to use any language, not just Python.

Web S
inputs | Web Service
e e
predictions
~

Figure 2-17. A model deployed as a web service and used by a web application

Another popular strategy is to deploy your model on the cloud, for example on Goo-
gle Cloud AI Platform (formerly known as Google Cloud ML Engine): just save your
model using joblib and upload it to Google Cloud Storage (GCS), then head over to
Google Cloud AI Platform and create a new model version, pointing it to the GCS
file. That’s it! This gives you a simple web service that takes care of load balancing and
scaling for you. It take JSON requests containing the input data (e.g., of a district) and
returns JSON responses containing the predictions. You can then use this web service
in your website (or whatever production environment you are using). As we will see
in Chapter 19, deploying TensorFlow models on AI Platform is not much different
from deploying Scikit-Learn models.

But deployment is not the end of the story. You also need to write monitoring code to
check your system’s live performance at regular intervals and trigger alerts when it
drops. This could be a steep drop, likely due to a broken component in your infra-
structure, but be aware that it could also be a gentle decay that could easily go unno-
ticed for a long time. This is quite common because models tend to “rot” over time:
indeed, the world changes, so if the model was trained with last year’s data, it may not
be adapted to today’s data.

23 In a nutshell, a REST (or RESTful) API is an HTTP-based API that follows some conventions, such as using
standard HTTP verbs to read, update, create, or delete resources (GET, POST, PUT, and DELETE) and using
JSON for the inputs and outputs.
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Even a model trained to classify pictures of cats and dogs may need
to be retrained regularly, not because cats and dogs will mutate
overnight, but because cameras keep changing, along with image

, formats, sharpness, brightness, and size ratios. Moreover, people
may love different breeds next year, or they may decide to dress
their pets with tiny hats—who knows?

So you need to monitor your model’s live performance. But how do you that? Well, it
depends. In some cases, the model’s performance can be inferred from downstream
metrics. For example, if your model is part of a recommender system and it suggests
products that the users may be interested in, then it’s easy to monitor the number of
recommended products sold each day. If this number drops (compared to non-
recommended products), then the prime suspect is the model. This may be because
the data pipeline is broken, or perhaps the model needs to be retrained on fresh data
(as we will discuss shortly).

However, it's not always possible to determine the model’s performance without any
human analysis. For example, suppose you trained an image classification model (see
Chapter 3) to detect several product defects on a production line. How can you get an
alert if the model’s performance drops, before thousands of defective products get
shipped to your clients? One solution is to send to human raters a sample of all the
pictures that the model classified (especially pictures that the model wasn't so sure
about). Depending on the task, the raters may need to be experts, or they could be
nonspecialists, such as workers on a crowdsourcing platform (e.g., Amazon Mechani-
cal Turk). In some applications they could even be the users themselves, responding
for example via surveys or repurposed captchas.*

Either way, you need to put in place a monitoring system (with or without human
raters to evaluate the live model), as well as all the relevant processes to define what to
do in case of failures and how to prepare for them. Unfortunately, this can be a lot of
work. In fact, it is often much more work than building and training a model.

If the data keeps evolving, you will need to update your datasets and retrain your
model regularly. You should probably automate the whole process as much as possi-
ble. Here are a few things you can automate:

o Collect fresh data regularly and label it (e.g., using human raters).

o Write a script to train the model and fine-tune the hyperparameters automati-
cally. This script could run automatically, for example every day or every week,
depending on your needs.

24 A captcha is a test to ensure a user is not a robot. These tests have often been used as a cheap way to label
training data.
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o Write another script that will evaluate both the new model and the previous
model on the updated test set, and deploy the model to production if the perfor-
mance has not decreased (if it did, make sure you investigate why).

You should also make sure you evaluate the model’s input data quality. Sometimes
performance will degrade slightly because of a poor-quality signal (e.g., a malfunc-
tioning sensor sending random values, or another team’s output becoming stale), but
it may take a while before your system’s performance degrades enough to trigger an
alert. If you monitor your model’s inputs, you may catch this earlier. For example, you
could trigger an alert if more and more inputs are missing a feature, or if its mean or
standard deviation drifts too far from the training set, or a categorical feature starts
containing new categories.

Finally, make sure you keep backups of every model you create and have the process
and tools in place to roll back to a previous model quickly, in case the new model
starts failing badly for some reason. Having backups also makes it possible to easily
compare new models with previous ones. Similarly, you should keep backups of every
version of your datasets so that you can roll back to a previous dataset if the new one
ever gets corrupted (e.g., if the fresh data that gets added to it turns out to be full of
outliers). Having backups of your datasets also allows you to evaluate any model
against any previous dataset.

You may want to create several subsets of the test set in order to
evaluate how well your model performs on specific parts of the
data. For example, you may want to have a subset containing only
the most recent data, or a test set for specific kinds of inputs (e.g.,
districts located inland versus districts located near the ocean).
This will give you a deeper understanding of your models
strengths and weaknesses.

As you can see, Machine Learning involves quite a lot of infrastructure, so don’t be
surprised if your first ML project takes a lot of effort and time to build and deploy to
production. Fortunately, once all the infrastructure is in place, going from idea to
production will be much faster.

Try It Out!

Hopefully this chapter gave you a good idea of what a Machine Learning project
looks like as well as showing you some of the tools you can use to train a great system.
As you can see, much of the work is in the data preparation step: building monitoring
tools, setting up human evaluation pipelines, and automating regular model training.
The Machine Learning algorithms are important, of course, but it is probably prefera-
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ble to be comfortable with the overall process and know three or four algorithms well
rather than to spend all your time exploring advanced algorithms.

So, if you have not already done so, now is a good time to pick up a laptop, select a
dataset that you are interested in, and try to go through the whole process from A to
Z. A good place to start is on a competition website such as http://kaggle.com/: you
will have a dataset to play with, a clear goal, and people to share the experience with.
Have fun!

Exercises

The following exercises are all based on this chapter’s housing dataset:

1.

5.

Try a Support Vector Machine regressor (sklearn.svm.SVR) with various hyper-
parameters, such as kernel="1inear" (with various values for the C hyperpara-
meter) or kernel="rbf" (with various values for the C and gamma
hyperparameters). Don’t worry about what these hyperparameters mean for now.
How does the best SVR predictor perform?

. Try replacing GridSearchCV with RandomizedSearchcv.

. Try adding a transformer in the preparation pipeline to select only the most

important attributes.

Try creating a single pipeline that does the full data preparation plus the final
prediction.

Automatically explore some preparation options using GridSearchCv.

Solutions to these exercises can be found in the Jupyter notebooks available at https://
github.com/ageron/handson-mi2.
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CHAPTER 3
Classification

In Chapter 1 I mentioned that the most common supervised learning tasks are
regression (predicting values) and classification (predicting classes). In Chapter 2 we
explored a regression task, predicting housing values, using various algorithms such
as Linear Regression, Decision Trees, and Random Forests (which will be explained
in further detail in later chapters). Now we will turn our attention to classification
systems.

MNIST

In this chapter we will be using the MNIST dataset, which is a set of 70,000 small
images of digits handwritten by high school students and employees of the US Cen-
sus Bureau. Each image is labeled with the digit it represents. This set has been stud-
ied so much that it is often called the “hello world” of Machine Learning: whenever
people come up with a new classification algorithm they are curious to see how it will
perform on MNIST, and anyone who learns Machine Learning tackles this dataset
sooner or later.

Scikit-Learn provides many helper functions to download popular datasets. MNIST is
one of them. The following code fetches the MNIST dataset:'

>>> from import fetch_openml

>>> mnist = fetch_openml('mnist_784', version=1)

>>> mnist.keys()

dict_keys(['data', 'target', 'feature_names', 'DESCR', 'details',
'categories', 'url'])

1 By default Scikit-Learn caches downloaded datasets in a directory called $HOME/scikit_learn_data.
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Datasets loaded by Scikit-Learn generally have a similar dictionary structure, includ-
ing the following:

A DESCR key describing the dataset

A data key containing an array with one row per instance and one column per
feature

o A target key containing an array with the labels

Let’s look at these arrays:

>>> X, y = mnist["data"], mnist["target"]
>>> X.shape

(70000, 784)

>>> y.shape

(70000,)

There are 70,000 images, and each image has 784 features. This is because each image
is 28 x 28 pixels, and each feature simply represents one pixel’s intensity, from 0
(white) to 255 (black). Let’s take a peek at one digit from the dataset. All you need to
do is grab an instances feature vector, reshape it to a 28 x 28 array, and display it
using Matplotlib’s imshow() function:

import as
import as

some_digit = X[0]
some_digit_image = some_digit.reshape(28, 28)

plt.imshow(some_digit_image, cmap="binary")

plt.axis("off")
plt.show()

This looks like a 5, and indeed that’s what the label tells us:

>>> y[0]
g

Note that the label is a string. Most ML algorithms expect numbers, so let’s cast y to
integer:

>>> y = y.astype(np.uint8)
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To give you a feel for the complexity of the classification task, Figure 3-1 shows a few
more images from the MNIST dataset.
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Figure 3-1. Digits from the MNIST dataset

But wait! You should always create a test set and set it aside before inspecting the data
closely. The MNIST dataset is actually already split into a training set (the first 60,000
images) and a test set (the last 10,000 images):

X_train, X_test, y_train, y_test = X[:60000], X[60000:], y[:60000], y[60000:]

The training set is already shuffled for us, which is good because this guarantees that
all cross-validation folds will be similar (you don’t want one fold to be missing some
digits). Moreover, some learning algorithms are sensitive to the order of the training
instances, and they perform poorly if they get many similar instances in a row. Shuf-
fling the dataset ensures that this won't happen.

2 Shuffling may be a bad idea in some contexts—for example, if you are working on time series data (such as
stock market prices or weather conditions). We will explore this in the next chapters.
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Training a Binary Classifier

Let’s simplify the problem for now and only try to identify one digit—for example,
the number 5. This “5-detector” will be an example of a binary classifier, capable of
distinguishing between just two classes, 5 and not-5. Let’s create the target vectors for
this classification task:

y_train_5 = (y_train == 5) # True for all 5s, False for all other digits

y_test 5 = (y_test == 5)
Now let’s pick a classifier and train it. A good place to start is with a Stochastic Gradi-
ent Descent (SGD) classifier, using Scikit-Learn’s SGDClassifier class. This classifier
has the advantage of being capable of handling very large datasets efficiently. This is
in part because SGD deals with training instances independently, one at a time
(which also makes SGD well suited for online learning), as we will see later. Let’s cre-
ate an SGDClassifier and train it on the whole training set:

from import SGDClassifier

sgd_clf = SGDClassifier(random_state=42)
sgd_clf.fit(X_train, y_train_5)

The SGDClassifier relies on randomness during training (hence
the name “stochastic”). If you want reproducible results, you
should set the random_state parameter.

Now we can use it to detect images of the number 5:

>>> sgd_clf.predict([some_digit])
array([ Truel)

The classifier guesses that this image represents a 5 (True). Looks like it guessed right
in this particular case! Now, let’s evaluate this model’s performance.

Performance Measures

Evaluating a classifier is often significantly trickier than evaluating a regressor, so we
will spend a large part of this chapter on this topic. There are many performance
measures available, so grab another coffee and get ready to learn many new concepts
and acronyms!
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Measuring Accuracy Using Cross-Validation

A good way to evaluate a model is to use cross-validation, just as you did in Chap-
ter 2.

Implementing Cross-Validation

Occasionally you will need more control over the cross-validation process than what
Scikit-Learn provides off the shelf. In these cases, you can implement cross-validation
yourself. The following code does roughly the same thing as Scikit-Learn’s
cross_val_score() function, and it prints the same result:

from import StratifiedKFold
from import clone

skfolds = StratifiedKFold(n_splits=3, random_state=42)

for train_index, test_index in skfolds.split(X_train, y_train_5):
clone_clf = clone(sgd_clf)
X_train_folds = X_train[train_index]
y_train_folds = y_train_5[train_index]
X_test_fold = X_train[test_1index]
y_test_fold = y_train_5[test_index]

clone_clf.fit(X_train_folds, y_train_folds)

y_pred = clone_clf.predict(X_test_fold)

n_correct = sum(y_pred == y_test_fold)

print(n_correct / len(y_pred)) # prints 0.9502, 0.96565, and 0.96495

The StratifiedKFold class performs stratified sampling (as explained in Chapter 2)
to produce folds that contain a representative ratio of each class. At each iteration the
code creates a clone of the classifier, trains that clone on the training folds, and makes
predictions on the test fold. Then it counts the number of correct predictions and
outputs the ratio of correct predictions.

Let’s use the cross_val_score() function to evaluate our SGDClassifier model,
using K-fold cross-validation with three folds. Remember that K-fold cross-validation
means splitting the training set into K folds (in this case, three), then making predic-
tions and evaluating them on each fold using a model trained on the remaining folds
(see Chapter 2):

>>> from import cross_val_score

>>> cross_val_score(sgd_clf, X_train, y_train_5, cv=3, scoring="accuracy")

array([0.96355, 0.93795, 0.95615])
Wow! Above 93% accuracy (ratio of correct predictions) on all cross-validation folds?
This looks amazing, doesn't it? Well, before you get too excited, let’s look at a very
dumb classifier that just classifies every single image in the “not-5” class:
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from import BaseEstimator

class Never5Classifier(BaseEstimator):
def fit(self, X, y=None):
return self
def predict(self, X):
return np.zeros((len(X), 1), dtype=bool)

Can you guess this model’s accuracy? Let’s find out:

>>> never_5_clf = Never5Classifier()

>>> cross_val_score(never_5_clf, X_train, y_train_5, cv=3, scoring="accuracy")

array([0.91125, 0.90855, 0.90915])
That’s right, it has over 90% accuracy! This is simply because only about 10% of the
images are 5s, so if you always guess that an image is not a 5, you will be right about
90% of the time. Beats Nostradamus.

This demonstrates why accuracy is generally not the preferred performance measure
for classifiers, especially when you are dealing with skewed datasets (i.e., when some
classes are much more frequent than others).

Confusion Matrix

A much better way to evaluate the performance of a classifier is to look at the confu-
sion matrix. The general idea is to count the number of times instances of class A are
classified as class B. For example, to know the number of times the classifier confused
images of 5s with 3s, you would look in the fifth row and third column of the confu-
sion matrix.

To compute the confusion matrix, you first need to have a set of predictions so that
they can be compared to the actual targets. You could make predictions on the test
set, but let’s keep it untouched for now (remember that you want to use the test set
only at the very end of your project, once you have a classifier that you are ready to
launch). Instead, you can use the cross_val_predict() function:

from import cross_val_predict

y_train_pred = cross_val_predict(sgd_clf, X_train, y_train_5, cv=3)

Just like the cross_val_score() function, cross_val_predict() performs K-fold
cross-validation, but instead of returning the evaluation scores, it returns the predic-
tions made on each test fold. This means that you get a clean prediction for each
instance in the training set (“clean” meaning that the prediction is made by a model
that never saw the data during training).

Now you are ready to get the confusion matrix using the confusion_matrix() func-
tion. Just pass it the target classes (y_train_5) and the predicted classes
(y_train_pred):
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>>> from import confusion_matrix
>>> confusion_matrix(y_train_5, y_train_pred)
array([[53057, 1522],

[ 1325, 4096]1])

Each row in a confusion matrix represents an actual class, while each column repre-
sents a predicted class. The first row of this matrix considers non-5 images (the nega-
tive class): 53,057 of them were correctly classified as non-5s (they are called true
negatives), while the remaining 1,522 were wrongly classified as 5s (false positives).
The second row considers the images of 5s (the positive class): 1,325 were wrongly
classified as non-5s (false negatives), while the remaining 4,096 were correctly classi-
fied as 5s (true positives). A perfect classifier would have only true positives and true
negatives, so its confusion matrix would have nonzero values only on its main diago-
nal (top left to bottom right):

>>> y_train_perfect_predictions = y_train_5 # pretend we reached perfection
>>> confusion_matrix(y_train_5, y_train_perfect_predictions)
array([[54579, 0],

[ 0, 542111

The confusion matrix gives you a lot of information, but sometimes you may prefer a

more concise metric. An interesting one to look at is the accuracy of the positive pre-
dictions; this is called the precision of the classifier (Equation 3-1).

Equation 3-1. Precision

TP

precision = w

TP is the number of true positives, and FP is the number of false positives.

A trivial way to have perfect precision is to make one single positive prediction and
ensure it is correct (precision = 1/1 = 100%). But this would not be very useful, since
the classifier would ignore all but one positive instance. So precision is typically used
along with another metric named recall, also called sensitivity or the true positive rate
(TPR): this is the ratio of positive instances that are correctly detected by the classifier
(Equation 3-2).

Equation 3-2. Recall

TP

recall = m

FN is, of course, the number of false negatives.

If you are confused about the confusion matrix, Figure 3-2 may help.
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Figure 3-2. An illustrated confusion matrix shows examples of true negatives (top left),
false positives (top right), false negatives (lower left), and true positives (lower right)

Precision and Recall

Scikit-Learn provides several functions to compute classifier metrics, including preci-
sion and recall:

>>> from import precision_score, recall_score

>>> precision_score(y_train_5, y_train_pred) # == 4096 / (4096 + 1522)
0.7290850836596654

>>> recall_score(y_train_5, y_train_pred) # == 4096 / (4096 + 1325)
0.7555801512636044

Now your 5-detector does not look as shiny as it did when you looked at its accuracy.
When it claims an image represents a 5, it is correct only 72.9% of the time. More-
over, it only detects 75.6% of the 5s.

It is often convenient to combine precision and recall into a single metric called the F,
score, in particular if you need a simple way to compare two classifiers. The F, score is
the harmonic mean of precision and recall (Equation 3-3). Whereas the regular mean
treats all values equally, the harmonic mean gives much more weight to low values.
As a result, the classifier will only get a high F, score if both recall and precision are

high.

Equation 3-3. F,

F o 2 _ 5 Precisionx recall TP
1= 1 1 precision +recall ~ pp, FN+FP

precision t recall 2
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To compute the F, score, simply call the f1_score() function:

>>> from import f1_score
>>> f1_score(y_train_5, y_train_pred)
0.7420962043663375

The F, score favors classifiers that have similar precision and recall. This is not always
what you want: in some contexts you mostly care about precision, and in other con-
texts you really care about recall. For example, if you trained a classifier to detect vid-
eos that are safe for kids, you would probably prefer a classifier that rejects many
good videos (low recall) but keeps only safe ones (high precision), rather than a clas-
sifier that has a much higher recall but lets a few really bad videos show up in your
product (in such cases, you may even want to add a human pipeline to check the clas-
sifier’s video selection). On the other hand, suppose you train a classifier to detect
shoplifters in surveillance images: it is probably fine if your classifier has only 30%
precision as long as it has 99% recall (sure, the security guards will get a few false
alerts, but almost all shoplifters will get caught).

Unfortunately, you can’t have it both ways: increasing precision reduces recall, and
vice versa. This is called the precision/recall trade-off.

Precision/Recall Trade-off

To understand this trade-off, let’s look at how the SGDClassifier makes its classifica-
tion decisions. For each instance, it computes a score based on a decision function. If
that score is greater than a threshold, it assigns the instance to the positive class;
otherwise it assigns it to the negative class. Figure 3-3 shows a few digits positioned
from the lowest score on the left to the highest score on the right. Suppose the deci-
sion threshold is positioned at the central arrow (between the two 5s): you will find 4
true positives (actual 5s) on the right of that threshold, and 1 false positive (actually a
6). Therefore, with that threshold, the precision is 80% (4 out of 5). But out of 6
actual 5s, the classifier only detects 4, so the recall is 67% (4 out of 6). If you raise the
threshold (move it to the arrow on the right), the false positive (the 6) becomes a true
negative, thereby increasing the precision (up to 100% in this case), but one true posi-
tive becomes a false negative, decreasing recall down to 50%. Conversely, lowering
the threshold increases recall and reduces precision.
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Figure 3-3. In this precision/recall trade-off, images are ranked by their classifier score,
and those above the chosen decision threshold are considered positive; the higher the
threshold, the lower the recall, but (in general) the higher the precision
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Various thresholds

Scikit-Learn does not let you set the threshold directly, but it does give you access to
the decision scores that it uses to make predictions. Instead of calling the classifier’s
predict() method, you can call its decision_function() method, which returns a
score for each instance, and then use any threshold you want to make predictions
based on those scores:

>>> y_scores = sgd_clf.decision_function([some_digit])
>>> y_scores

array([2412.53175101])

>>> threshold = 0

>>> y_some_digit_pred = (y_scores > threshold)

array([ Truel)

The SGDClassifier uses a threshold equal to 0, so the previous code returns the same
result as the predict() method (i.e., True). Let’s raise the threshold:

>>> threshold = 8000

>>> y_some_digit_pred = (y_scores > threshold)

>>> y_some_digit_pred

array([False])
This confirms that raising the threshold decreases recall. The image actually repre-
sents a 5, and the classifier detects it when the threshold is 0, but it misses it when the
threshold is increased to 8,000.

How do you decide which threshold to use? First, use the cross_val_predict()
function to get the scores of all instances in the training set, but this time specify that
you want to return decision scores instead of predictions:
y_scores = cross_val_predict(sgd_clf, X_train, y_train_5, cv=3,
method="decision_function")

With these scores, use the precision_recall_curve() function to compute precision
and recall for all possible thresholds:
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from sklearn.metrics import precision_recall_curve

precisions, recalls, thresholds = precision_recall_curve(y_train_5, y_scores)

Finally, use Matplotlib to plot precision and recall as functions of the threshold value
(Figure 3-4):

def plot_precision_recall_vs_threshold(precisions, recalls, thresholds):
plt.plot(thresholds, precisions[:-1], "b--", label="Precision")
plt.plot(thresholds, recalls[:-1], "g-", label="Recall")
[...] # highlight the threshold and add the legend, axis label, and grid

plot_precision_recall_vs_threshold(precisions, recalls, thresholds)

plt.show()
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Figure 3-4. Precision and recall versus the decision threshold

You may wonder why the precision curve is bumpier than the recall
curve in Figure 3-4. The reason is that precision may sometimes go
down when you raise the threshold (although in general it will go
up). To understand why, look back at Figure 3-3 and notice what
happens when you start from the central threshold and move it just
one digit to the right: precision goes from 4/5 (80%) down to 3/4
(75%). On the other hand, recall can only go down when the thres-
hold is increased, which explains why its curve looks smooth.

Another way to select a good precision/recall trade-off is to plot precision directly
against recall, as shown in Figure 3-5 (the same threshold as earlier is highlighted).
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Figure 3-5. Precision versus recall

You can see that precision really starts to fall sharply around 80% recall. You will
probably want to select a precision/recall trade-off just before that drop—for exam-
ple, at around 60% recall. But of course, the choice depends on your project.

Suppose you decide to aim for 90% precision. You look up the first plot and find that
you need to use a threshold of about 8,000. To be more precise you can search for the
lowest threshold that gives you at least 90% precision (np.argmax() will give you the
first index of the maximum value, which in this case means the first True value):

threshold_90_precision = thresholds[np.argmax(precisions >= 0.90)] # ~7816

To make predictions (on the training set for now), instead of calling the classifier’s
predict() method, you can run this code:

y_train_pred_90 = (y_scores >= threshold_90_precision)
Let’s check these predictions’ precision and recall:

>>> precision_score(y_train_5, y_train_pred_90)
0.9000380083618396

>>> recall_score(y_train_5, y_train_pred_90)
0.4368197749492714

Great, you have a 90% precision classifier! As you can see, it is fairly easy to create a
classifier with virtually any precision you want: just set a high enough threshold, and

youre done. But wait, not so fast. A high-precision classifier is not very useful if its
recall is too low!
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If someone says, “Let’s reach 99% precision,” you should ask, “At
what recall?”

The ROC Curve

The receiver operating characteristic (ROC) curve is another common tool used with
binary classifiers. It is very similar to the precision/recall curve, but instead of plot-
ting precision versus recall, the ROC curve plots the true positive rate (another name
for recall) against the false positive rate (FPR). The FPR is the ratio of negative instan-
ces that are incorrectly classified as positive. It is equal to 1 — the true negative rate
(TNR), which is the ratio of negative instances that are correctly classified as negative.
The TNR is also called specificity. Hence, the ROC curve plots sensitivity (recall) ver-
sus 1 — specificity.

To plot the ROC curve, you first use the roc_curve() function to compute the TPR
and FPR for various threshold values:

from import roc_curve

fpr, tpr, thresholds = roc_curve(y_train_5, y_scores)

Then you can plot the FPR against the TPR using Matplotlib. This code produces the
plot in Figure 3-6:
def plot_roc_curve(fpr, tpr, label=None):
plt.plot(fpr, tpr, linewidth=2, label=label)

plt.plot([0, 1], [0, 1], 'k--") # Dashed diagonal
[...] # Add axis labels and grid

plot_roc_curve(fpr, tpr)

plt.show()
Once again there is a trade-off: the higher the recall (TPR), the more false positives
(FPR) the classifier produces. The dotted line represents the ROC curve of a purely
random classifier; a good classifier stays as far away from that line as possible (toward
the top-left corner).
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Figure 3-6. This ROC curve plots the false positive rate against the true positive rate for
all possible thresholds; the red circle highlights the chosen ratio (at 43.68% recall)

One way to compare classifiers is to measure the area under the curve (AUC). A per-
fect classifier will have a ROC AUC equal to 1, whereas a purely random classifier will
have a ROC AUC equal to 0.5. Scikit-Learn provides a function to compute the ROC
AUC:

>>> from import roc_auc_score
>>> roc_auc_score(y_train_5, y_scores)
0.9611778893101814

Since the ROC curve is so similar to the precision/recall (PR)
curve, you may wonder how to decide which one to use. As a rule
of thumb, you should prefer the PR curve whenever the positive
class is rare or when you care more about the false positives than
the false negatives. Otherwise, use the ROC curve. For example,
looking at the previous ROC curve (and the ROC AUC score), you
may think that the classifier is really good. But this is mostly
because there are few positives (5s) compared to the negatives
(non-5s). In contrast, the PR curve makes it clear that the classifier
has room for improvement (the curve could be closer to the top-
left corner).

Let’s now train a RandomForestClassifier and compare its ROC curve and ROC
AUC score to those of the SGDClassifier. First, you need to get scores for each
instance in the training set. But due to the way it works (see Chapter 7), the Random
ForestClassifier class does not have a decision_function() method. Instead, it
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has a predict_proba() method. Scikit-Learn classifiers generally have one or the
other, or both. The predict_proba() method returns an array containing a row per
instance and a column per class, each containing the probability that the given
instance belongs to the given class (e.g., 70% chance that the image represents a 5):

from import RandomForestClassifier

forest_clf = RandomForestClassifier(random_state=42)
y_probas_forest = cross_val_predict(forest_clf, X_train, y_train_5, cv=3,
method="predict_proba")

The roc_curve() function expects labels and scores, but instead of scores you can
give it class probabilities. Let’s use the positive class’s probability as the score:

y_scores_forest = y_probas_forest[:, 1] # score = proba of positive class
fpr_forest, tpr_forest, thresholds_forest = roc_curve(y_train_5,y_scores_forest)

Now you are ready to plot the ROC curve. It is useful to plot the first ROC curve as
well to see how they compare (Figure 3-7):

plt.plot(fpr, tpr, "b:", label="SGD")
plot_roc_curve(fpr_forest, tpr_forest, "Random Forest")
plt.legend(loc="1lower right")

plt.show()
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Figure 3-7. Comparing ROC curves: the Random Forest classifier is superior to the SGD

classifier because its ROC curve is much closer to the top-left corner, and it has a greater
AUC

Performance Measures | 99



As you can see in Figure 3-7, the RandomForestClassifier’s ROC curve looks much
better than the SGDClassifier’s: it comes much closer to the top-left corner. As a
result, its ROC AUC score is also significantly better:

>>> roc_auc_score(y_train_5, y_scores_forest)
0.9983436731328145

Try measuring the precision and recall scores: you should find 99.0% precision and
86.6% recall. Not too bad!

You now know how to train binary classifiers, choose the appropriate metric for your
task, evaluate your classifiers using cross-validation, select the precision/recall trade-
off that fits your needs, and use ROC curves and ROC AUC scores to compare vari-
ous models. Now let’s try to detect more than just the 5s.

Multiclass Classification

Whereas binary classifiers distinguish between two classes, multiclass classifiers (also
called multinomial classifiers) can distinguish between more than two classes.

Some algorithms (such as SGD classifiers, Random Forest classifiers, and naive Bayes
classifiers) are capable of handling multiple classes natively. Others (such as Logistic
Regression or Support Vector Machine classifiers) are strictly binary classifiers. How-
ever, there are various strategies that you can use to perform multiclass classification
with multiple binary classifiers.

One way to create a system that can classify the digit images into 10 classes (from 0 to
9) is to train 10 binary classifiers, one for each digit (a 0-detector, a 1-detector, a 2-
detector, and so on). Then when you want to classify an image, you get the decision
score from each classifier for that image and you select the class whose classifier out-
puts the highest score. This is called the one-versus-the-rest (OVR) strategy (also called
one-versus-all).

Another strategy is to train a binary classifier for every pair of digits: one to distin-
guish Os and 1s, another to distinguish Os and 2s, another for 1s and 2s, and so on.
This is called the one-versus-one (OvO) strategy. If there are N classes, you need to
train N x (N - 1) / 2 classifiers. For the MNIST problem, this means training 45
binary classifiers! When you want to classify an image, you have to run the image
through all 45 classifiers and see which class wins the most duels. The main advan-
tage of OvO is that each classifier only needs to be trained on the part of the training
set for the two classes that it must distinguish.

Some algorithms (such as Support Vector Machine classifiers) scale poorly with the
size of the training set. For these algorithms OvO is preferred because it is faster to
train many classifiers on small training sets than to train few classifiers on large train-
ing sets. For most binary classification algorithms, however, OvR is preferred.
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Scikit-Learn detects when you try to use a binary classification algorithm for a multi-
class classification task, and it automatically runs OvVR or OvO, depending on the
algorithm. Let’s try this with a Support Vector Machine classifier (see Chapter 5),
using the sklearn.svm.SVC class:

>>> from import SVC

>>> svm_clf = SVC()

>>> svm_clf.fit(X_train, y_train) # y train, not y_ train_5
>>> svm_clf.predict([some_digit])

array([5], dtype=uint8)

That was easy! This code trains the SVC on the training set using the original target
classes from 0 to 9 (y_train), instead of the 5-versus-the-rest target classes
(y_train_5). Then it makes a prediction (a correct one in this case). Under the hood,
Scikit-Learn actually used the OvO strategy: it trained 45 binary classifiers, got their
decision scores for the image, and selected the class that won the most duels.

If you call the decision_function() method, you will see that it returns 10 scores
per instance (instead of just 1). That’s one score per class:

>>> some_digit_scores = svm_clf.decision_function([some_digit])

>>> some_digit_scores

array([[ 2.92492871, 7.02307409, 3.93648529, 0.90117363, 5.96945908,
9.5 , 1.90718593, 8.02755089, -0.13202708, 4.94216947]1])

The highest score is indeed the one corresponding to class 5:

>>> np.argmax(some_digit_scores)

5

>>> svm_clf.classes_

array([o, 1, 2, 3, 4, 5, 6, 7, 8, 9], dtype=uint8)
>>> svm_clf.classes_[5]

5

When a classifier is trained, it stores the list of target classes in its
classes_ attribute, ordered by value. In this case, the index of each
class in the classes_ array conveniently matches the class itself

\ (e.g., the class at index 5 happens to be class 5), but in general you
won't be so lucky.

If you want to force Scikit-Learn to use one-versus-one or one-versus-the-rest, you
can use the OneVsOneClassifier or OneVsRestClassifier classes. Simply create an
instance and pass a classifier to its constructor (it does not even have to be a binary
classifier). For example, this code creates a multiclass classifier using the OVR strat-
egy, based on an SVC:

>>> from import OneVsRestClassifier
>>> ovr_clf = OneVsRestClassifier(SvC())
>>> ovr_clf.fit(X_train, y_train)
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>>> ovr_clf.predict([some_digit])
array([5], dtype=uint8)

>>> len(ovr_clf.estimators_)

10

Training an SGDClassifier (or a RandomForestClassifier) is just as easy:

>>> sgd_clf.fit(X_train, y_train)

>>> sgd_clf.predict([some_digit])

array([5], dtype=uint8)
This time Scikit-Learn did not have to run OvR or OvO because SGD classifiers can
directly classify instances into multiple classes. The decision_function() method
now returns one value per class. Let’s look at the score that the SGD classifier assigned
to each class:

>>> sgd_clf.decision_function([some_digit])
array([[-15955.22628, -38080.96296, -13326.66695, 573.52692, -17680.68466,
2412.53175, -25526.86498, -12290.15705, -7946.05205, -10631.35889]])

You can see that the classifier is fairly confident about its prediction: almost all scores
are largely negative, while class 5 has a score of 2412.5. The model has a slight doubt
regarding class 3, which gets a score of 573.5. Now of course you want to evaluate this
classifier. As usual, you can use cross-validation. Use the cross_val_score() func-
tion to evaluate the SGDClassifier’s accuracy:
>>> cross_val_score(sgd_clf, X_train, y_train, cv=3, scoring="accuracy")
array([0.8489802 , 0.87129356, 0.86988048])
It gets over 84% on all test folds. If you used a random classifier, you would get 10%

accuracy, so this is not such a bad score, but you can still do much better. Simply scal-
ing the inputs (as discussed in Chapter 2) increases accuracy above 89%:

>>> from import StandardScaler

>>> scaler = StandardScaler()

>>> X_train_scaled = scaler.fit_transform(X_train.astype(np.float64))

>>> cross_val_score(sgd_clf, X_train_scaled, y_train, cv=3, scoring="accuracy")
array([0.89707059, 0.8960948 , 0.90693604])

Error Analysis

If this were a real project, you would now follow the steps in your Machine Learning
project checklist (see Appendix B). Youd explore data preparation options, try out
multiple models (shortlisting the best ones and fine-tuning their hyperparameters
using GridSearchCV), and automate as much as possible. Here, we will assume that
you have found a promising model and you want to find ways to improve it. One way
to do this is to analyze the types of errors it makes.
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First, look at the confusion matrix. You need to make predictions using the
cross_val_predict() function, then call the confusion_matrix() function, just like
you did earlier:

>>> y_train_pred =

>>> conf_mx

>>> conf_mx
array([[5578,

[
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1],
13],
1],
73],

1721,
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1],
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That’s a lot of numbers. It’s often more convenient to look at an image representation
of the confusion matrix, using Matplotlib’s matshow() function:

plt.matshow(conf_mx, cmap=plt.cm.gray)

plt.show()

This confusion matrix looks pretty good, since most images are on the main diago-
nal, which means that they were classified correctly. The 5s look slightly darker than
the other digits, which could mean that there are fewer images of 5s in the dataset or
that the classifier does not perform as well on 5s as on other digits. In fact, you can
verify that both are the case.

Let’s focus the plot on the errors. First, you need to divide each value in the confusion
matrix by the number of images in the corresponding class so that you can compare
error rates instead of absolute numbers of errors (which would make abundant
classes look unfairly bad):
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row_sums = conf_mx.sum(axis=1, keepdims=True)
norm_conf_mx = conf_mx / row_sums

Fill the diagonal with zeros to keep only the errors, and plot the result:

np.fill_diagonal(norm_conf_mx, 0)
plt.matshow(norm_conf_mx, cmap=plt.cm.gray)
plt.show()

You can clearly see the kinds of errors the classifier makes. Remember that rows rep-
resent actual classes, while columns represent predicted classes. The column for class
8 is quite bright, which tells you that many images get misclassified as 8s. However,
the row for class 8 is not that bad, telling you that actual 8s in general get properly
classified as 8s. As you can see, the confusion matrix is not necessarily symmetrical.
You can also see that 3s and 5s often get confused (in both directions).

Analyzing the confusion matrix often gives you insights into ways to improve your
classifier. Looking at this plot, it seems that your efforts should be spent on reducing
the false 8s. For example, you could try to gather more training data for digits that
look like 8s (but are not) so that the classifier can learn to distinguish them from real
8s. Or you could engineer new features that would help the classifier—for example,
writing an algorithm to count the number of closed loops (e.g., 8 has two, 6 has one, 5
has none). Or you could preprocess the images (e.g., using Scikit-Image, Pillow, or
OpenCV) to make some patterns, such as closed loops, stand out more.

Analyzing individual errors can also be a good way to gain insights on what your
classifier is doing and why it is failing, but it is more difficult and time-consuming.
For example, let’s plot examples of 3s and 5s (the plot_digits() function just uses
Matplotlib’s imshow() function; see this chapter’s Jupyter notebook for details):

cla, clb=3, 5
X_aa = X_train[(y_train == cl_a) & (y_train_pred == cl_a)]

X_ab = X_train[(y_train == cl_a) & (y_train_pred == cl_b)]
X_ba = X_train[(y_train == cl_b) & (y_train_pred == cl_a)]
X_bb = X_train[(y_train == cl_b) & (y_train_pred == cl_b)]
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plt.figure(figsize=(8,8))

plt.subplot(221); plot_digits(X_aa[:25], images_per_row=5)
plt.subplot(222); plot_digits(X_ab[:25], images_per_row=5)
plt.subplot(223); plot_digits(X_ba[:25], images_per_row=5)
plt.subplot(224); plot_digits(X_bb[:25], images_per_row=5)
plt.show()
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The two 5 x 5 blocks on the left show digits classified as 3s, and the two 5 x 5 blocks
on the right show images classified as 5s. Some of the digits that the classifier gets
wrong (i.e., in the bottom-left and top-right blocks) are so badly written that even a
human would have trouble classifying them (e.g., the 5 in the first row and second
column truly looks like a badly written 3). However, most misclassified images seem
like obvious errors to us, and it’s hard to understand why the classifier made the mis-
takes it did.> The reason is that we used a simple SGDClassifier, which is a linear
model. All it does is assign a weight per class to each pixel, and when it sees a new
image it just sums up the weighted pixel intensities to get a score for each class. So
since 3s and 5s differ only by a few pixels, this model will easily confuse them.

The main difference between 3s and 5s is the position of the small line that joins the
top line to the bottom arc. If you draw a 3 with the junction slightly shifted to the left,
the classifier might classify it as a 5, and vice versa. In other words, this classifier is
quite sensitive to image shifting and rotation. So one way to reduce the 3/5 confusion
would be to preprocess the images to ensure that they are well centered and not too
rotated. This will probably help reduce other errors as well.

3 But remember that our brain is a fantastic pattern recognition system, and our visual system does a lot of
complex preprocessing before any information reaches our consciousness, so the fact that it feels simple does
not mean that it is.

Error Analysis | 105



Multilabel Classification

Until now each instance has always been assigned to just one class. In some cases you
may want your classifier to output multiple classes for each instance. Consider a face-
recognition classifier: what should it do if it recognizes several people in the same
picture? It should attach one tag per person it recognizes. Say the classifier has been
trained to recognize three faces, Alice, Bob, and Charlie. Then when the classifier is
shown a picture of Alice and Charlie, it should output [1, 0, 1] (meaning “Alice yes,
Bob no, Charlie yes”). Such a classification system that outputs multiple binary tags is
called a multilabel classification system.

We won't go into face recognition just yet, but let’s look at a simpler example, just for
illustration purposes:

from import KNeighborsClassifier

y_train_large = (y_train >= 7)
y_train_odd = (y_train % 2 == 1)
y_multilabel = np.c_[y_train_large, y_train_odd]

knn_clf = KNeighborsClassifier()
knn_clf.fit(X_train, y_multilabel)

This code creates a y_multilabel array containing two target labels for each digit
image: the first indicates whether or not the digit is large (7, 8, or 9), and the second
indicates whether or not it is odd. The next lines create a KNeighborsClassifier
instance (which supports multilabel classification, though not all classifiers do), and
we train it using the multiple targets array. Now you can make a prediction, and
notice that it outputs two labels:

>>> knn_clf.predict([some_digit])
array([[False, Truell)

And it gets it right! The digit 5 is indeed not large (False) and odd (True).

There are many ways to evaluate a multilabel classifier, and selecting the right metric
really depends on your project. One approach is to measure the F, score for each
individual label (or any other binary classifier metric discussed earlier), then simply
compute the average score. This code computes the average F, score across all labels:

>>> y_train_knn_pred = cross_val_predict(knn_clf, X_train, y_multilabel, cv=3)
>>> f1_score(y_multilabel, y_train_knn_pred, average="macro"
0.976410265560605

This assumes that all labels are equally important, however, which may not be the
case. In particular, if you have many more pictures of Alice than of Bob or Charlie,

you may want to give more weight to the classifier’s score on pictures of Alice. One
simple option is to give each label a weight equal to its support (i.e., the number of
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instances with that target label). To do this, simply set average="weighted" in the
preceding code.*

Multioutput Classification

The last type of classification task we are going to discuss here is called multioutput-
multiclass classification (or simply multioutput classification). It is simply a generaliza-
tion of multilabel classification where each label can be multiclass (i.e., it can have
more than two possible values).

To illustrate this, let’s build a system that removes noise from images. It will take as
input a noisy digit image, and it will (hopefully) output a clean digit image, repre-
sented as an array of pixel intensities, just like the MNIST images. Notice that the
classifier’s output is multilabel (one label per pixel) and each label can have multiple
values (pixel intensity ranges from 0 to 255). It is thus an example of a multioutput
classification system.

The line between classification and regression is sometimes blurry,
such as in this example. Arguably, predicting pixel intensity is more
akin to regression than to classification. Moreover, multioutput
systems are not limited to classification tasks; you could even have
a system that outputs multiple labels per instance, including both
class labels and value labels.

Let’s start by creating the training and test sets by taking the MNIST images and
adding noise to their pixel intensities with NumPy’s randint() function. The target
images will be the original images:

noise = np.random.randint(0, 100, (len(X_train), 784))
X_train_mod = X_train + noise

noise = np.random.randint(0, 100, (len(X_test), 784))
X_test_mod = X_test + noise

y_train_mod = X_train

y_test_mod = X_test

Let’s take a peek at an image from the test set (yes, we're snooping on the test data, so
you should be frowning right now):

4 Scikit-Learn offers a few other averaging options and multilabel classifier metrics; see the documentation for
more details.
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On the left is the noisy input image, and on the right is the clean target image. Now
let’s train the classifier and make it clean this image:

knn_clf.fit(X_train_mod, y_train_mod)
clean_digit = knn_clf.predict([X_test_mod[some_index]])
plot_digit(clean_digit)

Looks close enough to the target! This concludes our tour of classification. You
should now know how to select good metrics for classification tasks, pick the appro-
priate precision/recall trade-off, compare classifiers, and more generally build good
classification systems for a variety of tasks.

Exercises

1. Try to build a classifier for the MNIST dataset that achieves over 97% accuracy
on the test set. Hint: the KNeighborsClassifier works quite well for this task;
you just need to find good hyperparameter values (try a grid search on the
weights and n_neighbors hyperparameters).

2. Write a function that can shift an MNIST image in any direction (left, right, up,
or down) by one pixel.’ Then, for each image in the training set, create four shif-
ted copies (one per direction) and add them to the training set. Finally, train your
best model on this expanded training set and measure its accuracy on the test set.
You should observe that your model performs even better now! This technique of
artificially growing the training set is called data augmentation or training set
expansion.

5 You can use the shift() function from the scipy.ndimage.interpolation module. For example,
shift(image, [2, 1], cval=0) shifts the image two pixels down and one pixel to the right.
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3. Tackle the Titanic dataset. A great place to start is on Kaggle.

4. Build a spam classifier (a more challenging exercise):

Download examples of spam and ham from Apache SpamAssassin’s public
datasets.

Unzip the datasets and familiarize yourself with the data format.
Split the datasets into a training set and a test set.

Write a data preparation pipeline to convert each email into a feature vector.
Your preparation pipeline should transform an email into a (sparse) vector that
indicates the presence or absence of each possible word. For example, if all
emails only ever contain four words, “Hello,” “how;” “are;” “you,” then the email
“Hello you Hello Hello you” would be converted into a vector [1, 0, 0, 1]
(meaning [“Hello” is present, “how” is absent, “are” is absent, “you” is
present]), or [3, 0, 0, 2] if you prefer to count the number of occurrences of
each word.

You may want to add hyperparameters to your preparation pipeline to control
whether or not to strip off email headers, convert each email to lowercase,
remove punctuation, replace all URLs with “URL,” replace all numbers with
“NUMBER,” or even perform stemming (i.e., trim off word endings; there are
Python libraries available to do this).

Finally, try out several classifiers and see if you can build a great spam classi-
fier, with both high recall and high precision.

Solutions to these exercises can be found in the Jupyter notebooks available at https://
github.com/ageron/handson-mi2.

Exercises | 109


https://www.kaggle.com/c/titanic
https://homl.info/spamassassin
https://homl.info/spamassassin
https://github.com/ageron/handson-ml2
https://github.com/ageron/handson-ml2




CHAPTER 4
Training Models

So far we have treated Machine Learning models and their training algorithms mostly
like black boxes. If you went through some of the exercises in the previous chapters,
you may have been surprised by how much you can get done without knowing any-
thing about what’s under the hood: you optimized a regression system, you improved
a digit image classifier, and you even built a spam classifier from scratch, all this
without knowing how they actually work. Indeed, in many situations you don’t really
need to know the implementation details.

However, having a good understanding of how things work can help you quickly
home in on the appropriate model, the right training algorithm to use, and a good set
of hyperparameters for your task. Understanding what’s under the hood will also help
you debug issues and perform error analysis more efficiently. Lastly, most of the top-
ics discussed in this chapter will be essential in understanding, building, and training
neural networks (discussed in Part II of this book).

In this chapter we will start by looking at the Linear Regression model, one of the
simplest models there is. We will discuss two very different ways to train it:

o Using a direct “closed-form” equation that directly computes the model parame-
ters that best fit the model to the training set (i.e., the model parameters that
minimize the cost function over the training set).

o Using an iterative optimization approach called Gradient Descent (GD) that
gradually tweaks the model parameters to minimize the cost function over the
training set, eventually converging to the same set of parameters as the first
method. We will look at a few variants of Gradient Descent that we will use again
and again when we study neural networks in Part II: Batch GD, Mini-batch GD,
and Stochastic GD.

m



Next we will look at Polynomial Regression, a more complex model that can fit non-
linear datasets. Since this model has more parameters than Linear Regression, it is
more prone to overfitting the training data, so we will look at how to detect whether
or not this is the case using learning curves, and then we will look at several regulari-
zation techniques that can reduce the risk of overfitting the training set.

Finally, we will look at two more models that are commonly used for classification
tasks: Logistic Regression and Softmax Regression.

There will be quite a few math equations in this chapter, using basic
notions of linear algebra and calculus. To understand these equa-
tions, you will need to know what vectors and matrices are; how to
\ transpose them, multiply them, and inverse them; and what partial
derivatives are. If you are unfamiliar with these concepts, please go
through the linear algebra and calculus introductory tutorials avail-
able as Jupyter notebooks in the online supplemental material. For
those who are truly allergic to mathematics, you should still go
through this chapter and simply skip the equations; hopefully, the
text will be sufficient to help you understand most of the concepts.

Linear Regression

In Chapter 1 we looked at a simple regression model of life satisfaction: life_satisfac-
tion = 0, + 6, x GDP_per_capita.

This model is just a linear function of the input feature GDP_per_capita. 8, and 6, are
the model’s parameters.

More generally, a linear model makes a prediction by simply computing a weighted
sum of the input features, plus a constant called the bias term (also called the intercept
term), as shown in Equation 4-1.

Equation 4-1. Linear Regression model prediction

y=0y+0x +0,x,+ - +0,x,

In this equation:

o jis the predicted value.
o nis the number of features.
e x;is the i feature value.

+ 0, is the j* model parameter (including the bias term 6, and the feature weights

0,0, -+, 6,).
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This can be written much more concisely using a vectorized form, as shown in Equa-
tion 4-2.

Equation 4-2. Linear Regression model prediction (vectorized form)

y =hy(x)=0-x

In this equation:

o 0 is the model's parameter vector, containing the bias term 6, and the feature
weights 6, to 0,,.

« x is the instance’s feature vector, containing x, to x,, with x, always equal to 1.

o 0 - xis the dot product of the vectors 8 and x, which is of course equal to 8,x, +
0%, + 0%, + ... + 0,x,,.

o hy is the hypothesis function, using the model parameters 0.

In Machine Learning, vectors are often represented as column vec-
tors, which are 2D arrays with a single column. If 8 and x are col-

umn vectors, then the prediction is y =0Tx, where 07 is the

transpose of 0 (a row vector instead of a column vector) and 07Tx is
the matrix multiplication of 8T and x. It is of course the same pre-
diction, except that it is now represented as a single-cell matrix
rather than a scalar value. In this book I will use this notation to
avoid switching between dot products and matrix multiplications.

OK, that’s the Linear Regression model—but how do we train it? Well, recall that
training a model means setting its parameters so that the model best fits the training
set. For this purpose, we first need a measure of how well (or poorly) the model fits
the training data. In Chapter 2 we saw that the most common performance measure
of a regression model is the Root Mean Square Error (RMSE) (Equation 2-1). There-
fore, to train a Linear Regression model, we need to find the value of 8 that minimi-
zes the RMSE. In practice, it is simpler to minimize the mean squared error (MSE)
than the RMSE, and it leads to the same result (because the value that minimizes a
function also minimizes its square root).!

1 It is often the case that a learning algorithm will try to optimize a different function than the performance
measure used to evaluate the final model. This is generally because that function is easier to compute, because
it has useful differentiation properties that the performance measure lacks, or because we want to constrain
the model during training, as you will see when we discuss regularization.
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The MSE of a Linear Regression hypothesis kg on a training set X is calculated using
Equation 4-3.

Equation 4-3. MSE cost function for a Linear Regression model

1§ (o) _ (D)2
MSE(X,hO)zaigl(ﬁTx - )

Most of these notations were presented in Chapter 2 (see “Notations” on page 40).
The only difference is that we write hg instead of just h to make it clear that the model
is parametrized by the vector 0. To simplify notations, we will just write MSE(0)
instead of MSE(X, k).

The Normal Equation

To find the value of @ that minimizes the cost function, there is a closed-form solution
—in other words, a mathematical equation that gives the result directly. This is called
the Normal Equation (Equation 4-4).

Equation 4-4. Normal Equation
6=(XX)" Xy

In this equation:

o 0 is the value of 0 that minimizes the cost function.

o y is the vector of target values containing y* to y™.

Let’s generate some linear-looking data to test this equation on (Figure 4-1):

import as
X = 2 * np.random.rand(100, 1)
y =4+ 3 * X + np.random.randn(100, 1)
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Figure 4-1. Randomly generated linear dataset

Now let’s compute 0 using the Normal Equation. We will use the inv() function from
NumPy’s linear algebra module (np.1linalg) to compute the inverse of a matrix, and
the dot() method for matrix multiplication:

X_b = np.c_[np.ones((100, 1)), X] # add x0 = 1 to each instance
theta_best = np.linalg.inv(X_b.T.dot(X_b)).dot(X_b.T).dot(y)

The function that we used to generate the data is y = 4 + 3x, + Gaussian noise. Let’s
see what the equation found:

>>> theta_best
array([[4.21509616],
[2.77011339]])

We would have hoped for 6, = 4 and 6, = 3 instead of 6, = 4.215 and 6, = 2.770. Close
enough, but the noise made it impossible to recover the exact parameters of the origi-
nal function.

Now we can make predictions using 0:

>>> X_new = np.array([[0], [2]1])
>>> X_new_b = np.c_[np.ones((2, 1)), X_new] # add x@ = 1 to each instance
>>> y_predict = X_new_b.dot(theta_best)
>>> y_predict
array([[4.21509616],
[9.75532293]])
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Let’s plot this model’s predictions (Figure 4-2):

plt.plot(X_new, y predict, "r-")
plt.plot(X, y, "b.")
plt.axis([0, 2, 0, 15])
plt.show()

149 —— Predictions
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Figure 4-2. Linear Regression model predictions

Performing Linear Regression using Scikit-Learn is simple:

>>> from import LinearRegression
>>> lin_reg = LinearRegression()
>>> lin_reg.fit(X, y)
>>> lin_reg.intercept_, lin_reg.coef_
(array([4.21509616]), array([[2.77011339]]))
>>> lin_reg.predict(X_new)
array([[4.21509616],
[9.75532293]1)

The LinearRegression class is based on the scipy.linalg.lstsq() function (the
name stands for “least squares”), which you could call directly:

>>> theta_best_svd, residuals, rank, s = np.linalg.lstsq(X_b, y, rcond=le-6)
>>> theta_best_svd
array([[4.21509616],

[2.77011339]])

This function computes 0= X'y, where X" is the pseudoinverse of X (specifically,
the Moore-Penrose inverse). You can use np.linalg.pinv() to compute the
pseudoinverse directly:

2 Note that Scikit-Learn separates the bias term (intercept_) from the feature weights (coef_).
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>>> np.linalg.pinv(X_b).dot(y)
array([[4.21509616],
[2.77011339]])

The pseudoinverse itself is computed using a standard matrix factorization technique
called Singular Value Decomposition (SVD) that can decompose the training set
matrix X into the matrix multiplication of three matrices U X VT (see
numpy.linalg.svd()). The pseudoinverse is computed as X" = VE*UT. To compute
the matrix X, the algorithm takes X and sets to zero all values smaller than a tiny
threshold value, then it replaces all the nonzero values with their inverse, and finally
it transposes the resulting matrix. This approach is more efficient than computing the
Normal Equation, plus it handles edge cases nicely: indeed, the Normal Equation may
not work if the matrix XX is not invertible (i.e., singular), such as if m < n or if some
features are redundant, but the pseudoinverse is always defined.

Computational Complexity

The Normal Equation computes the inverse of X' X, which is an (n + 1) x (n + 1)
matrix (where n is the number of features). The computational complexity of inverting
such a matrix is typically about O(n**) to O(n*), depending on the implementation. In
other words, if you double the number of features, you multiply the computation
time by roughly 22* = 5.3 to 2* = 8.

The SVD approach used by Scikit-Learn’s LinearRegression class is about O(n?). If
you double the number of features, you multiply the computation time by roughly 4.

Both the Normal Equation and the SVD approach get very slow
when the number of features grows large (e.g., 100,000). On the
positive side, both are linear with regard to the number of instances

\ in the training set (they are O(m)), so they handle large training
sets efficiently, provided they can fit in memory.

Also, once you have trained your Linear Regression model (using the Normal Equa-
tion or any other algorithm), predictions are very fast: the computational complexity
is linear with regard to both the number of instances you want to make predictions
on and the number of features. In other words, making predictions on twice as many
instances (or twice as many features) will take roughly twice as much time.

Now we will look at a very different way to train a Linear Regression model, which is
better suited for cases where there are a large number of features or too many training
instances to fit in memory.
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Gradient Descent

Gradient Descent is a generic optimization algorithm capable of finding optimal solu-
tions to a wide range of problems. The general idea of Gradient Descent is to tweak
parameters iteratively in order to minimize a cost function.

Suppose you are lost in the mountains in a dense fog, and you can only feel the slope
of the ground below your feet. A good strategy to get to the bottom of the valley
quickly is to go downhill in the direction of the steepest slope. This is exactly what
Gradient Descent does: it measures the local gradient of the error function with
regard to the parameter vector 0, and it goes in the direction of descending gradient.
Once the gradient is zero, you have reached a minimum!

Concretely, you start by filling 0 with random values (this is called random initializa-
tion). Then you improve it gradually, taking one baby step at a time, each step
attempting to decrease the cost function (e.g., the MSE), until the algorithm converges
to a minimum (see Figure 4-3).

Cost
A

Learning step

Minimum

L o
Random A 8

initial value 0

Figure 4-3. In this depiction of Gradient Descent, the model parameters are initialized
randomly and get tweaked repeatedly to minimize the cost function; the learning step
size is proportional to the slope of the cost function, so the steps gradually get smaller as
the parameters approach the minimum

An important parameter in Gradient Descent is the size of the steps, determined by
the learning rate hyperparameter. If the learning rate is too small, then the algorithm
will have to go through many iterations to converge, which will take a long time (see
Figure 4-4).
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Figure 4-4. The learning rate is too small

On the other hand, if the learning rate is too high, you might jump across the valley
and end up on the other side, possibly even higher up than you were before. This
might make the algorithm diverge, with larger and larger values, failing to find a good
solution (see Figure 4-5).

Cost
A

1 > e
Start

Figure 4-5. The learning rate is too large

Finally, not all cost functions look like nice, regular bowls. There may be holes, ridges,
plateaus, and all sorts of irregular terrains, making convergence to the minimum dif-
ficult. Figure 4-6 shows the two main challenges with Gradient Descent. If the ran-
dom initialization starts the algorithm on the left, then it will converge to a local
minimum, which is not as good as the global minimum. If it starts on the right, then it
will take a very long time to cross the plateau. And if you stop too early, you will
never reach the global minimum.
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Figure 4-6. Gradient Descent pitfalls

Fortunately, the MSE cost function for a Linear Regression model happens to be a
convex function, which means that if you pick any two points on the curve, the line
segment joining them never crosses the curve. This implies that there are no local
minima, just one global minimum. It is also a continuous function with a slope that
never changes abruptly.’ These two facts have a great consequence: Gradient Descent
is guaranteed to approach arbitrarily close the global minimum (if you wait long
enough and if the learning rate is not too high).

In fact, the cost function has the shape of a bowl, but it can be an elongated bowl if
the features have very different scales. Figure 4-7 shows Gradient Descent on a train-
ing set where features 1 and 2 have the same scale (on the left), and on a training set
where feature 1 has much smaller values than feature 2 (on the right).*

% % LT cost

A A

>0, >0

Figure 4-7. Gradient Descent with (left) and without (right) feature scaling

3 Technically speaking, its derivative is Lipschitz continuous.

4 Since feature 1 is smaller, it takes a larger change in 6; to affect the cost function, which is why the bowl is
elongated along the 6, axis.

120 | Chapter4: Training Models



As you can see, on the left the Gradient Descent algorithm goes straight toward the
minimum, thereby reaching it quickly, whereas on the right it first goes in a direction
almost orthogonal to the direction of the global minimum, and it ends with a long
march down an almost flat valley. It will eventually reach the minimum, but it will
take a long time.

When using Gradient Descent, you should ensure that all features
have a similar scale (e.g., using Scikit-Learn’s StandardScaler
class), or else it will take much longer to converge.

This diagram also illustrates the fact that training a model means searching for a
combination of model parameters that minimizes a cost function (over the training
set). It is a search in the model’s parameter space: the more parameters a model has,
the more dimensions this space has, and the harder the search is: searching for a nee-
dle in a 300-dimensional haystack is much trickier than in 3 dimensions. Fortunately,
since the cost function is convex in the case of Linear Regression, the needle is simply
at the bottom of the bowl.

Batch Gradient Descent

To implement Gradient Descent, you need to compute the gradient of the cost func-
tion with regard to each model parameter .. In other words, you need to calculate
how much the cost function will change if you change 6, just a little bit. This is called
a partial derivative. It is like asking “What is the slope of the mountain under my feet
if I face east?” and then asking the same question facing north (and so on for all other
dimensions, if you can imagine a universe with more than three dimensions). Equa-
tion 4-5 computes the partial derivative of the cost function with regard to parameter

6, noted 9 MSE(0) / 06,.

Equation 4-5. Partial derivatives of the cost function

9 S (o7 (i) (D)
EMSE ; (0 b'q )x].

Instead of computing these partial derivatives individually, you can use Equation 4-6
to compute them all in one go. The gradient vector, noted V{MSE(8), contains all the
partial derivatives of the cost function (one for each model parameter).
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Equation 4-6. Gradient vector of the cost function

Vo MSE(8) = | 99, = %XT(XB -y)

Notice that this formula involves calculations over the full training
set X, at each Gradient Descent step! This is why the algorithm is
called Batch Gradient Descent: it uses the whole batch of training
data at every step (actually, Full Gradient Descent would probably
be a better name). As a result it is terribly slow on very large train-
ing sets (but we will see much faster Gradient Descent algorithms
shortly). However, Gradient Descent scales well with the number of
features; training a Linear Regression model when there are hun-
dreds of thousands of features is much faster using Gradient
Descent than using the Normal Equation or SVD decomposition.

Once you have the gradient vector, which points uphill, just go in the opposite direc-
tion to go downhill. This means subtracting V{MSE(0) from 0. This is where the
learning rate # comes into play:® multiply the gradient vector by # to determine the
size of the downhill step (Equation 4-7).

Equation 4-7. Gradient Descent step

g(next step) _ 0-— nve MSE(G)

Let’s look at a quick implementation of this algorithm:

eta = 0.1 # learning rate
n_iterations = 1000
m = 100

theta = np.random.randn(2,1) # random initialization
for iteration in range(n_iterations):

gradients = 2/m * X_b.T.dot(X_b.dot(theta) - y)
theta = theta - eta * gradients

5 Eta (#) is the seventh letter of the Greek alphabet.

122 | Chapter4: Training Models



That wasn’t too hard! Let’s look at the resulting theta:

>>> theta
array([[4.21509616],
[2.77011339]])

Hey, that’s exactly what the Normal Equation found! Gradient Descent worked per-
fectly. But what if you had used a different learning rate eta? Figure 4-8 shows the

first 10 steps of Gradient Descent using three different learning rates (the dashed line
represents the starting point).
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Figure 4-8. Gradient Descent with various learning rates

On the left, the learning rate is too low: the algorithm will eventually reach the solu-
tion, but it will take a long time. In the middle, the learning rate looks pretty good: in
just a few iterations, it has already converged to the solution. On the right, the learn-
ing rate is too high: the algorithm diverges, jumping all over the place and actually
getting further and further away from the solution at every step.

To find a good learning rate, you can use grid search (see Chapter 2). However, you
may want to limit the number of iterations so that grid search can eliminate models
that take too long to converge.

You may wonder how to set the number of iterations. If it is too low, you will still be
far away from the optimal solution when the algorithm stops; but if it is too high, you
will waste time while the model parameters do not change anymore. A simple solu-
tion is to set a very large number of iterations but to interrupt the algorithm when the
gradient vector becomes tiny—that is, when its norm becomes smaller than a tiny
number € (called the tolerance)—because this happens when Gradient Descent has
(almost) reached the minimum.
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Convergence Rate

When the cost function is convex and its slope does not change abruptly (as is the
case for the MSE cost function), Batch Gradient Descent with a fixed learning rate
will eventually converge to the optimal solution, but you may have to wait a while: it
can take O(1/¢) iterations to reach the optimum within a range of ¢, depending on the
shape of the cost function. If you divide the tolerance by 10 to have a more precise
solution, then the algorithm may have to run about 10 times longer.

Stochastic Gradient Descent

The main problem with Batch Gradient Descent is the fact that it uses the whole
training set to compute the gradients at every step, which makes it very slow when
the training set is large. At the opposite extreme, Stochastic Gradient Descent picks a
random instance in the training set at every step and computes the gradients based
only on that single instance. Obviously, working on a single instance at a time makes
the algorithm much faster because it has very little data to manipulate at every itera-
tion. It also makes it possible to train on huge training sets, since only one instance
needs to be in memory at each iteration (Stochastic GD can be implemented as an
out-of-core algorithm; see Chapter 1).

On the other hand, due to its stochastic (i.e., random) nature, this algorithm is much
less regular than Batch Gradient Descent: instead of gently decreasing until it reaches
the minimum, the cost function will bounce up and down, decreasing only on aver-
age. Over time it will end up very close to the minimum, but once it gets there it will
continue to bounce around, never settling down (see Figure 4-9). So once the algo-
rithm stops, the final parameter values are good, but not optimal.

‘Zz

Cost

>0,

Figure 4-9. With Stochastic Gradient Descent, each training step is much faster but also
much more stochastic than when using Batch Gradient Descent
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When the cost function is very irregular (as in Figure 4-6), this can actually help the
algorithm jump out of local minima, so Stochastic Gradient Descent has a better
chance of finding the global minimum than Batch Gradient Descent does.

Therefore, randomness is good to escape from local optima, but bad because it means
that the algorithm can never settle at the minimum. One solution to this dilemma is
to gradually reduce the learning rate. The steps start out large (which helps make
quick progress and escape local minima), then get smaller and smaller, allowing the
algorithm to settle at the global minimum. This process is akin to simulated anneal-
ing, an algorithm inspired from the process in metallurgy of annealing, where molten
metal is slowly cooled down. The function that determines the learning rate at each
iteration is called the learning schedule. If the learning rate is reduced too quickly, you
may get stuck in a local minimum, or even end up frozen halfway to the minimum. If
the learning rate is reduced too slowly, you may jump around the minimum for a
long time and end up with a suboptimal solution if you halt training too early.

This code implements Stochastic Gradient Descent using a simple learning schedule:

n_epochs = 50
t0, t1 = 5, 50 # learning schedule hyperparameters

def learning_schedule(t):
return t0 / (t + t1)

theta = np.random.randn(2,1) # random initialization

for epoch in range(n_epochs):
for 1 in range(m):

random_index = np.random.randint(m)
x1 = X_b[random_1index:random_index+1]
yi = y[random_1index:random_index+1]
gradients = 2 * xi.T.dot(xi.dot(theta) - yi)
eta = learning_schedule(epoch * m + 1)
theta = theta - eta * gradients

By convention we iterate by rounds of m iterations; each round is called an epoch.
While the Batch Gradient Descent code iterated 1,000 times through the whole train-
ing set, this code goes through the training set only 50 times and reaches a pretty
good solution:

>>> theta

array([[4.21076011],
[2.74856079]1])

Figure 4-10 shows the first 20 steps of training (notice how irregular the steps are).
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Figure 4-10. The first 20 steps of Stochastic Gradient Descent

Note that since instances are picked randomly, some instances may be picked several
times per epoch, while others may not be picked at all. If you want to be sure that the
algorithm goes through every instance at each epoch, another approach is to shuffle
the training set (making sure to shuffle the input features and the labels jointly), then
go through it instance by instance, then shuffle it again, and so on. However, this
approach generally converges more slowly.

When using Stochastic Gradient Descent, the training instances
must be independent and identically distributed (IID) to ensure
that the parameters get pulled toward the global optimum, on aver-
age. A simple way to ensure this is to shuffle the instances during
training (e.g., pick each instance randomly, or shuffle the training
set at the beginning of each epoch). If you do not shuffle the
instances—for example, if the instances are sorted by label—then
SGD will start by optimizing for one label, then the next, and so on,
and it will not settle close to the global minimum.

To perform Linear Regression using Stochastic GD with Scikit-Learn, you can use the
SGDRegressor class, which defaults to optimizing the squared error cost function.
The following code runs for maximum 1,000 epochs or until the loss drops by less
than 0.001 during one epoch (max_iter=1000, tol=1e-3). It starts with a learning rate
of 0.1 (eta®=0.1), using the default learning schedule (different from the preceding
one). Lastly, it does not use any regularization (penalty=None; more details on this
shortly):

126 | Chapter 4: Training Models




from import SGDRegressor
sgd_reg = SGDRegressor(max_iter=1000, tol=le-3, penalty=None, eta0=0.1)
sgd_reg.fit(X, y.ravel())
Once again, you find a solution quite close to the one returned by the Normal
Equation:

>>> sgd_reg.intercept_, sgd_reg.coef_
(array([4.24365286]), array([2.8250878]))

Mini-batch Gradient Descent

The last Gradient Descent algorithm we will look at is called Mini-batch Gradient
Descent. It is simple to understand once you know Batch and Stochastic Gradient
Descent: at each step, instead of computing the gradients based on the full training set
(as in Batch GD) or based on just one instance (as in Stochastic GD), Mini-batch GD
computes the gradients on small random sets of instances called mini-batches. The
main advantage of Mini-batch GD over Stochastic GD is that you can get a perfor-
mance boost from hardware optimization of matrix operations, especially when using
GPUs.

The algorithm’s progress in parameter space is less erratic than with Stochastic GD,
especially with fairly large mini-batches. As a result, Mini-batch GD will end up walk-
ing around a bit closer to the minimum than Stochastic GD—but it may be harder for
it to escape from local minima (in the case of problems that suffer from local minima,
unlike Linear Regression). Figure 4-11 shows the paths taken by the three Gradient
Descent algorithms in parameter space during training. They all end up near the
minimum, but Batch GD’s path actually stops at the minimum, while both Stochastic
GD and Mini-batch GD continue to walk around. However, don't forget that Batch
GD takes a lot of time to take each step, and Stochastic GD and Mini-batch GD
would also reach the minimum if you used a good learning schedule.
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Figure 4-11. Gradient Descent paths in parameter space
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Let’s compare the algorithms we've discussed so far for Linear Regression® (recall that
m is the number of training instances and # is the number of features); see Table 4-1.

Table 4-1. Comparison of algorithms for Linear Regression

Algorithm Large m Out-of-core support Largen Hyperparams Scaling required Scikit-Learn

Normal Equation  Fast No Slow 0 No N/A

SVD Fast No Slow 0 No LinearRegression
Batch GD Slow No Fast 2 Yes SGDRegressor
Stochastic GD Fast Yes Fast >2 Yes SGDRegressor
Mini-batch GD  Fast Yes Fast >) Yes SGDRegressor

There is almost no difference after training: all these algorithms
end up with very similar models and make predictions in exactly
the same way.

Polynomial Regression

What if your data is more complex than a straight line? Surprisingly, you can use a
linear model to fit nonlinear data. A simple way to do this is to add powers of each
feature as new features, then train a linear model on this extended set of features. This
technique is called Polynomial Regression.

Let’s look at an example. First, let’s generate some nonlinear data, based on a simple
quadratic equation’ (plus some noise; see Figure 4-12):

m = 100
X = 6 * np.random.rand(m, 1) - 3
y = 0.5 * X*¥*2 + X + 2 + np.random.randn(m, 1)

6 While the Normal Equation can only perform Linear Regression, the Gradient Descent algorithms can be
used to train many other models, as we will see.

7 A quadratic equation is of the form y = ax? + bx + c.
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Figure 4-12. Generated nonlinear and noisy dataset

Clearly, a straight line will never fit this data properly. So let’s use Scikit-Learn’s Poly
nomialFeatures class to transform our training data, adding the square (second-
degree polynomial) of each feature in the training set as a new feature (in this case
there is just one feature):

>>> from import PolynomialFeatures

>>> poly_features = PolynomialFeatures(degree=2, include_bias=False)
>>> X_poly = poly_features.fit_transform(X)

>>> X[0]

array([-0.75275929])

>>> X_poly[0]

array([-0.75275929, 0.56664654])

X_poly now contains the original feature of X plus the square of this feature. Now you
can fit a LinearRegression model to this extended training data (Figure 4-13):

>>> lin_reg = LinearRegression()

>>> lin_reg.fit(X_poly, y)

>>> lin_reg.intercept_, lin_reg.coef_
(array([1.78134581]), array([[0.93366893, 0.56456263]]))
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Figure 4-13. Polynomial Regression model predictions

Not bad: the model estimates y = 0.56)612 +0.93x; + 1.78 when in fact the original

function was y = 0.5x12 + 1.0x; + 2.0 + Gaussian noise.

Note that when there are multiple features, Polynomial Regression is capable of find-
ing relationships between features (which is something a plain Linear Regression
model cannot do). This is made possible by the fact that PolynomialFeatures also
adds all combinations of features up to the given degree. For example, if there were
two features a and b, PolynomialFeatures with degree=3 would not only add the
features a?, a, b, and b3, but also the combinations ab, a*b, and ab>.

PolynomialFeatures(degree=d) transforms an array containing n

features into an array containing (n + d)! / d!n! features, where n! is

the factorial of n, equal to 1 X 2 X 3 X --- x n. Beware of the combi-
\ natorial explosion of the number of features!

Learning Curves

If you perform high-degree Polynomial Regression, you will likely fit the training
data much better than with plain Linear Regression. For example, Figure 4-14 applies
a 300-degree polynomial model to the preceding training data, and compares the
result with a pure linear model and a quadratic model (second-degree polynomial).
Notice how the 300-degree polynomial model wiggles around to get as close as possi-
ble to the training instances.
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Figure 4-14. High-degree Polynomial Regression

This high-degree Polynomial Regression model is severely overfitting the training
data, while the linear model is underfitting it. The model that will generalize best in
this case is the quadratic model, which makes sense because the data was generated
using a quadratic model. But in general you won’t know what function generated the
data, so how can you decide how complex your model should be? How can you tell
that your model is overfitting or underfitting the data?

In Chapter 2 you used cross-validation to get an estimate of a model’s generalization
performance. If a model performs well on the training data but generalizes poorly
according to the cross-validation metrics, then your model is overfitting. If it per-
forms poorly on both, then it is underfitting. This is one way to tell when a model is
too simple or too complex.

Another way to tell is to look at the learning curves: these are plots of the model’s per-
formance on the training set and the validation set as a function of the training set
size (or the training iteration). To generate the plots, train the model several times on
different sized subsets of the training set. The following code defines a function that,
given some training data, plots the learning curves of a model:
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from import mean_squared_error
from import train_test_split

def plot_learning_curves(model, X, y):
X_train, X_val, y_train, y_val = train_test_split(X, y, test_size=0.2)
train_errors, val_errors = [], []
for m in range(1, len(X_train)):
model.fit(X_train[:m], y_train[:m])
y_train_predict = model.predict(X_train[:m])
y_val_predict = model.predict(X_val)
train_errors.append(mean_squared_error(y_train[:m], y_train_predict))
val_errors.append(mean_squared_error(y_val, y_val_predict))
plt.plot(np.sqgrt(train_errors), "r-+", linewidth=2, label="train")
plt.plot(np.sgrt(val_errors), "b-", linewidth=3, label="val")

Let’s look at the learning curves of the plain Linear Regression model (a straight line;
see Figure 4-15):

lin_reg = LinearRegression()
plot_learning_curves(lin_reg, X, y)
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Figure 4-15. Learning curves

This model that’s underfitting deserves a bit of explanation. First, let’s look at the per-
formance on the training data: when there are just one or two instances in the train-
ing set, the model can fit them perfectly, which is why the curve starts at zero. But as
new instances are added to the training set, it becomes impossible for the model to fit
the training data perfectly, both because the data is noisy and because it is not linear
at all. So the error on the training data goes up until it reaches a plateau, at which
point adding new instances to the training set doesn’t make the average error much
better or worse. Now let’s look at the performance of the model on the validation
data. When the model is trained on very few training instances, it is incapable of gen-
eralizing properly, which is why the validation error is initially quite big. Then, as the
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model is shown more training examples, it learns, and thus the validation error
slowly goes down. However, once again a straight line cannot do a good job modeling
the data, so the error ends up at a plateau, very close to the other curve.

These learning curves are typical of a model that’s underfitting. Both curves have
reached a plateau; they are close and fairly high.

If your model is underfitting the training data, adding more train-
ing examples will not help. You need to use a more complex model
or come up with better features.

Now let’s look at the learning curves of a 10th-degree polynomial model on the same
data (Figure 4-16):

from import Pipeline

polynomial_regression = Pipeline([
("poly_features", PolynomialFeatures(degree=10, include_bias=False)),
("lin_reg", LinearRegression()),

D

plot_learning_curves(polynomial_regression, X, y)
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Figure 4-16. Learning curves for the 10th-degree polynomial model

These learning curves look a bit like the previous ones, but there are two very impor-
tant differences:

o The error on the training data is much lower than with the Linear Regression
model.
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There is a gap between the curves. This means that the model performs signifi-
cantly better on the training data than on the validation data, which is the hall-
mark of an overfitting model. If you used a much larger training set, however, the

two curves would continue to get closer.

One way to improve an overfitting model is to feed it more training
data until the validation error reaches the training error.

The Bias/Variance Trade-off

An important theoretical result of statistics and Machine Learning is the fact that a
model’s generalization error can be expressed as the sum of three very different
errors:

Bias
This part of the generalization error is due to wrong assumptions, such as assum-
ing that the data is linear when it is actually quadratic. A high-bias model is most
likely to underfit the training data.?

Variance
This part is due to the model’s excessive sensitivity to small variations in the
training data. A model with many degrees of freedom (such as a high-degree pol-
ynomial model) is likely to have high variance and thus overfit the training data.

Irreducible error
This part is due to the noisiness of the data itself. The only way to reduce this
part of the error is to clean up the data (e.g., fix the data sources, such as broken
sensors, or detect and remove outliers).

Increasing a model’s complexity will typically increase its variance and reduce its bias.
Conversely, reducing a model’s complexity increases its bias and reduces its variance.
This is why it is called a trade-off.

Regularized Linear Models

As we saw in Chapters 1 and 2, a good way to reduce overfitting is to regularize the
model (i.e., to constrain it): the fewer degrees of freedom it has, the harder it will be

8 This notion of bias is not to be confused with the bias term of linear models.
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for it to overfit the data. A simple way to regularize a polynomial model is to reduce
the number of polynomial degrees.

For a linear model, regularization is typically achieved by constraining the weights of
the model. We will now look at Ridge Regression, Lasso Regression, and Elastic Net,
which implement three different ways to constrain the weights.

Ridge Regression

Ridge Regression (also called Tikhonov regularization) is a regularized version of Lin-
ear Regression: a regularization term equal to aZ_ 191.2 is added to the cost function.
This forces the learning algorithm to not only fit the data but also keep the model
weights as small as possible. Note that the regularization term should only be added
to the cost function during training. Once the model is trained, you want to use the
unregularized performance measure to evaluate the model’s performance.

It is quite common for the cost function used during training to be
different from the performance measure used for testing. Apart
from regularization, another reason they might be different is that a
good training cost function should have optimization-friendly
derivatives, while the performance measure used for testing should
be as close as possible to the final objective. For example, classifiers
are often trained using a cost function such as the log loss (dis-
cussed in a moment) but evaluated using precision/recall.

The hyperparameter « controls how much you want to regularize the model. If « = 0,
then Ridge Regression is just Linear Regression. If « is very large, then all weights end
up very close to zero and the result is a flat line going through the data’s mean. Equa-
tion 4-8 presents the Ridge Regression cost function.’

Equation 4-8. Ridge Regression cost function

J(8) = MSE(8) + a5 3!_ 6

i=1"i

Note that the bias term 6, is not regularized (the sum starts at i = 1, not 0). If we
define w as the vector of feature weights (6, to 8,), then the regularization term is

9 It is common to use the notation J(0) for cost functions that don’t have a short name; we will often use this
notation throughout the rest of this book. The context will make it clear which cost function is being dis-
cussed.
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equal to %(|| w ||,)% where || w ||, represents the £, norm of the weight vector.!® For
Gradient Descent, just add aw to the MSE gradient vector (Equation 4-6).

It is important to scale the data (e.g., using a StandardScaler)
before performing Ridge Regression, as it is sensitive to the scale of
the input features. This is true of most regularized models.

N

Figure 4-17 shows several Ridge models trained on some linear data using different «
values. On the left, plain Ridge models are used, leading to linear predictions. On the
right, the data is first expanded using PolynomialFeatures(degree=10), then it is
scaled using a StandardScaler, and finally the Ridge models are applied to the result-
ing features: this is Polynomial Regression with Ridge regularization. Note how
increasing « leads to flatter (i.e., less extreme, more reasonable) predictions, thus
reducing the model’s variance but increasing its bias.
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Figure 4-17. A linear model (left) and a polynomial model (right), both with various lev-
els of Ridge regularization

As with Linear Regression, we can perform Ridge Regression either by computing a
closed-form equation or by performing Gradient Descent. The pros and cons are the

10 Norms are discussed in Chapter 2.
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same. Equation 4-9 shows the closed-form solution, where A is the (n + 1) x (n + 1)
identity matrix,"" except with a 0 in the top-left cell, corresponding to the bias term.

Equation 4-9. Ridge Regression closed-form solution

~ —

0=(XX+aA) X y

Here is how to perform Ridge Regression with Scikit-Learn using a closed-form solu-
tion (a variant of Equation 4-9 that uses a matrix factorization technique by André-
Louis Cholesky):

>>> from import Ridge

>>> ridge_reg = Ridge(alpha=1, solver="cholesky")
>>> ridge_reg.fit(X, y)

>>> ridge_reg.predict([[1.5]])
array([[1.55071465]])

And using Stochastic Gradient Descent:"

>>> sgd_reg = SGDRegressor(penalty="12")

>>> sgd_reg.fit(X, y.ravel())

>>> sgd_reg.predict([[1.5]])

array([1.47012588])
The penalty hyperparameter sets the type of regularization term to use. Specifying
"12" indicates that you want SGD to add a regularization term to the cost function
equal to half the square of the ¢, norm of the weight vector: this is simply Ridge
Regression.

Lasso Regression

Least Absolute Shrinkage and Selection Operator Regression (usually simply called
Lasso Regression) is another regularized version of Linear Regression: just like Ridge
Regression, it adds a regularization term to the cost function, but it uses the £, norm
of the weight vector instead of half the square of the £, norm (see Equation 4-10).

Equation 4-10. Lasso Regression cost function

J(6) = MSE(6) + a3_ |6

11 A square matrix full of Os except for 1s on the main diagonal (top left to bottom right).

12 Alternatively you can use the Ridge class with the "sag" solver. Stochastic Average GD is a variant of Stochas-
tic GD. For more details, see the presentation “Minimizing Finite Sums with the Stochastic Average Gradient
Algorithm” by Mark Schmidt et al. from the University of British Columbia.
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Figure 4-18 shows the same thing as Figure 4-17 but replaces Ridge models with
Lasso models and uses smaller « values.

4.0
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--=- a=0.1

3.01 ... a:l

Figure 4-18. A linear model (left) and a polynomial model (right), both using various
levels of Lasso regularization

An important characteristic of Lasso Regression is that it tends to eliminate the
weights of the least important features (i.e., set them to zero). For example, the
dashed line in the righthand plot in Figure 4-18 (with & = 107) looks quadratic,
almost linear: all the weights for the high-degree polynomial features are equal to
zero. In other words, Lasso Regression automatically performs feature selection and
outputs a sparse model (i.e., with few nonzero feature weights).

You can get a sense of why this is the case by looking at Figure 4-19: the axes repre-
sent two model parameters, and the background contours represent different loss
functions. In the top-left plot, the contours represent the ¢, loss (|6,] + |6,|), which
drops linearly as you get closer to any axis. For example, if you initialize the model
parameters to 8, = 2 and 6, = 0.5, running Gradient Descent will decrement both
parameters equally (as represented by the dashed yellow line); therefore 8, will reach
0 first (since it was closer to 0 to begin with). After that, Gradient Descent will roll
down the gutter until it reaches 6, = 0 (with a bit of bouncing around, since the gradi-
ents of £, never get close to 0: they are either -1 or 1 for each parameter). In the top-
right plot, the contours represent Lasso’s cost function (i.e., an MSE cost function plus
an ¢, loss). The small white circles show the path that Gradient Descent takes to opti-
mize some model parameters that were initialized around 6, = 0.25 and 6, = -1:
notice once again how the path quickly reaches 6, = 0, then rolls down the gutter and
ends up bouncing around the global optimum (represented by the red square). If we
increased a, the global optimum would move left along the dashed yellow line, while
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if we decreased a, the global optimum would move right (in this example, the optimal
parameters for the unregularized MSE are 6, = 2 and 6, = 0.5).

Lasso

£, penalty

-0.5
-1.0

-1.5

£, penalty

.5
-0 -05 00 05 10 15 20 25 3010 -05 00 05 10 15 20 25 30

Figure 4-19. Lasso versus Ridge regularization

The two bottom plots show the same thing but with an €, penalty instead. In the
bottom-left plot, you can see that the €, loss decreases with the distance to the origin,
so Gradient Descent just takes a straight path toward that point. In the bottom-right
plot, the contours represent Ridge Regression’s cost function (i.e., an MSE cost func-
tion plus an ¢, loss). There are two main differences with Lasso. First, the gradients
get smaller as the parameters approach the global optimum, so Gradient Descent nat-
urally slows down, which helps convergence (as there is no bouncing around). Sec-
ond, the optimal parameters (represented by the red square) get closer and closer to
the origin when you increase «, but they never get eliminated entirely.

To avoid Gradient Descent from bouncing around the optimum at
the end when using Lasso, you need to gradually reduce the learn-
ing rate during training (it will still bounce around the optimum,
but the steps will get smaller and smaller, so it will converge).
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The Lasso cost function is not differentiable at 6, = 0 (for i =1, 2, -, n), but Gradient
Descent still works fine if you use a subgradient vector g instead when any 6, = 0.
Equation 4-11 shows a subgradient vector equation you can use for Gradient Descent
with the Lasso cost function.

Equation 4-11. Lasso Regression subgradient vector

ign (6
sign (6) -1 if6,<0

sign (6
£(0,]) = Vo MSE(0) + « & ( 2 where sign (6,) =10 if6;=0
+1if6;>0

sign (6,)

Here is a small Scikit-Learn example using the Lasso class:

>>> from import Lasso
>>> lasso_reg = Lasso(alpha=0.1)

>>> lasso_reg.fit(X, y)

>>> lasso_reg.predict([[1.5]])
array([1.53788174])

Note that you could instead use SGDRegressor(penalty="11").

Elastic Net

Elastic Net is a middle ground between Ridge Regression and Lasso Regression. The
regularization term is a simple mix of both Ridge and Lasso’s regularization terms,
and you can control the mix ratio r. When r = 0, Elastic Net is equivalent to Ridge
Regression, and when r = 1, it is equivalent to Lasso Regression (see Equation 4-12).

Equation 4-12. Elastic Net cost function

J(8) = MSE(8) + ras!_ |6 + 5 azxy_ 67

So when should you use plain Linear Regression (i.e., without any regularization),
Ridge, Lasso, or Elastic Net? It is almost always preferable to have at least a little bit of
regularization, so generally you should avoid plain Linear Regression. Ridge is a good
default, but if you suspect that only a few features are useful, you should prefer Lasso
or Elastic Net because they tend to reduce the useless features’ weights down to zero,
as we have discussed. In general, Elastic Net is preferred over Lasso because Lasso

13 You can think of a subgradient vector at a nondifferentiable point as an intermediate vector between the gra-
dient vectors around that point.
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may behave erratically when the number of features is greater than the number of
training instances or when several features are strongly correlated.

Here is a short example that uses Scikit-Learn’s ElasticNet (11_ratio corresponds to
the mix ratio r):

>>> from import ElasticNet

>>> elastic_net = ElasticNet(alpha=0.1, 11_ratio=0.5)
>>> elastic_net.fit(X, y)

>>> elastic_net.predict([[1.5]])

array([1.54333232])

Early Stopping

A very different way to regularize iterative learning algorithms such as Gradient
Descent is to stop training as soon as the validation error reaches a minimum. This is
called early stopping. Figure 4-20 shows a complex model (in this case, a high-degree
Polynomial Regression model) being trained with Batch Gradient Descent. As the
epochs go by the algorithm learns, and its prediction error (RMSE) on the training
set goes down, along with its prediction error on the validation set. After a while
though, the validation error stops decreasing and starts to go back up. This indicates
that the model has started to overfit the training data. With early stopping you just
stop training as soon as the validation error reaches the minimum. It is such a simple
and efficient regularization technique that Geoffrey Hinton called it a “beautiful free
lunch”

— \/alidation set
351 —-—- Training set
3.0
(Ll,g’ 2.51
s Best model
< 2.0
1.5 __
.............. Wassssnnnnned P sssssssssssssssssssssmmmns
1.0“ \\s~~
0 100 200 300 400 500
Epoch

Figure 4-20. Early stopping regularization
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With Stochastic and Mini-batch Gradient Descent, the curves are
not so smooth, and it may be hard to know whether you have
reached the minimum or not. One solution is to stop only after the
validation error has been above the minimum for some time (when
you are confident that the model will not do any better), then roll
back the model parameters to the point where the validation error
was at a minimum.

Here is a basic implementation of early stopping:

from import clone

# prepare the data
poly_scaler = Pipeline([

("poly_features", PolynomialFeatures(degree=90, include_bias=False)),

("std_scaler", StandardScaler())
D

X_train_poly_scaled = poly_scaler.fit_transform(X_train)
X_val_poly_scaled = poly_scaler.transform(X_val)

sgd_reg = SGDRegressor(max_iter=1, tol=-np.infty, warm_start=True,

penalty=None, learning_rate="constant", eta0=0.0005)

minimum_val_error = float("inf")
best_epoch = None

best_model = None

for epoch in range(1000):

sgd_reg.fit(X_train_poly_scaled, y_train) # continues where it left off

y_val_predict = sgd_reg.predict(X_val_poly_scaled)
val_error = mean_squared_error(y_val, y_val_predict)
if val_error < minimum_val_error:

minimum_val_error = val_error

best_epoch = epoch

best_model = clone(sgd_reg)

Note that with warm_start=True, when the fit() method is called it continues train-

ing where it left off, instead of restarting from scratch.

Logistic Regression

As we discussed in Chapter 1, some regression algorithms can be used for classifica-
tion (and vice versa). Logistic Regression (also called Logit Regression) is commonly
used to estimate the probability that an instance belongs to a particular class (e.g.,
what is the probability that this email is spam?). If the estimated probability is greater
than 50%, then the model predicts that the instance belongs to that class (called the
positive class, labeled “17), and otherwise it predicts that it does not (i.e., it belongs to

the negative class, labeled “0”). This makes it a binary classifier.
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Estimating Probabilities

So how does Logistic Regression work? Just like a Linear Regression model, a Logistic
Regression model computes a weighted sum of the input features (plus a bias term),
but instead of outputting the result directly like the Linear Regression model does, it
outputs the logistic of this result (see Equation 4-13).

Equation 4-13. Logistic Regression model estimated probability (vectorized form)

p = hg(x) = o(x70)

The logistic—noted o(-)—is a sigmoid function (i.e., S-shaped) that outputs a number
between 0 and 1. It is defined as shown in Equation 4-14 and Figure 4-21.

Equation 4-14. Logistic function

1

O T ep (D
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Figure 4-21. Logistic function

Once the Logistic Regression model has estimated the probability p = hy(x) that an
instance x belongs to the positive class, it can make its prediction § easily (see Equa-
tion 4-15).

Equation 4-15. Logistic Regression model prediction
. _Joif p<os5
"Tliif pzos

Notice that o(t) < 0.5 when t < 0, and o(f) > 0.5 when t > 0, so a Logistic Regression
model predicts 1 if xT 0 is positive and 0 if it is negative.
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The score t is often called the logit. The name comes from the fact
that the logit function, defined as logit(p) = log(p / (1 - p)), is the
inverse of the logistic function. Indeed, if you compute the logit of
the estimated probability p, you will find that the result is ¢. The
logit is also called the log-odds, since it is the log of the ratio
between the estimated probability for the positive class and the
estimated probability for the negative class.

Training and Cost Function

Now you know how a Logistic Regression model estimates probabilities and makes
predictions. But how is it trained? The objective of training is to set the parameter
vector 0 so that the model estimates high probabilities for positive instances (y = 1)
and low probabilities for negative instances (y = 0). This idea is captured by the cost
function shown in Equation 4-16 for a single training instance x.

Equation 4-16. Cost function of a single training instance

~ -log(p) ify=1
- —log(l —ﬁ) ify=0

This cost function makes sense because —log(t) grows very large when ¢ approaches 0,
so the cost will be large if the model estimates a probability close to 0 for a positive
instance, and it will also be very large if the model estimates a probability close to 1
for a negative instance. On the other hand, -log(#) is close to 0 when t is close to 1, so
the cost will be close to 0 if the estimated probability is close to 0 for a negative
instance or close to 1 for a positive instance, which is precisely what we want.

The cost function over the whole training set is the average cost over all training
instances. It can be written in a single expression called the log loss, shown in Equa-
tion 4-17.

Equation 4-17. Logistic Regression cost function (log loss)
. N . "
7O = L5 | [19og(5) + (1 - y)iog(1 - )

The bad news is that there is no known closed-form equation to compute the value of
0 that minimizes this cost function (there is no equivalent of the Normal Equation).
The good news is that this cost function is convex, so Gradient Descent (or any other
optimization algorithm) is guaranteed to find the global minimum (if the learning
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rate is not too large and you wait long enough). The partial derivatives of the cost
function with regard to the j* model parameter 6, are given by Equation 4-18.

Equation 4-18. Logistic cost function partial derivatives

30 =57, 2, [o07s) )"

This equation looks very much like Equation 4-5: for each instance it computes the
prediction error and multiplies it by the j feature value, and then it computes the
average over all training instances. Once you have the gradient vector containing all
the partial derivatives, you can use it in the Batch Gradient Descent algorithm. That’s
it: you now know how to train a Logistic Regression model. For Stochastic GD you
would take one instance at a time, and for Mini-batch GD you would use a mini-
batch at a time.

Decision Boundaries

Let’s use the iris dataset to illustrate Logistic Regression. This is a famous dataset that
contains the sepal and petal length and width of 150 iris flowers of three different
species: Iris setosa, Iris versicolor, and Iris virginica (see Figure 4-22).

Virginica

Figure 4-22. Flowers of three iris plant species™

14 Photos reproduced from the corresponding Wikipedia pages. Iris virginica photo by Frank Mayfield (Creative
Commons BY-SA 2.0), Iris versicolor photo by D. Gordon E. Robertson (Creative Commons BY-SA 3.0), Iris
setosa photo public domain.
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Let’s try to build a classifier to detect the Iris virginica type based only on the petal
width feature. First let’s load the data:

>>> from import datasets

>>> iris = datasets.load_iris()

>>> list(iris.keys())

['data', 'target', 'target_names', 'DESCR', 'feature_names', 'filename']
>>> X = iris["data"][:, 3:] # petal width

>>> y = (iris["target"] == 2).astype(np.int) # 1 if Iris virginica, else 0

Now let’s train a Logistic Regression model:

from import LogisticRegression

log_reg = LogisticRegression()
log_reg.fit(X, y)

Let’s look at the model’s estimated probabilities for flowers with petal widths varying
from 0 cm to 3 cm (Figure 4-23):"

X_new = np.linspace(0, 3, 1000).reshape(-1, 1)

y_proba = log_reg.predict_proba(X_new)

plt.plot(X_new, y proba[:, 1], "g-", label="Iris virginica")
plt.plot(X_new, y_proba[:, 0], "b--", label="Not Iris virginica")
# + more Matplotlib code to make the image look pretty
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Figure 4-23. Estimated probabilities and decision boundary

The petal width of Iris virginica flowers (represented by triangles) ranges from 1.4 cm
to 2.5 cm, while the other iris flowers (represented by squares) generally have a
smaller petal width, ranging from 0.1 cm to 1.8 cm. Notice that there is a bit of over-
lap. Above about 2 cm the classifier is highly confident that the flower is an Iris virgin-
ica (it outputs a high probability for that class), while below 1 cm it is highly
confident that it is not an Iris virginica (high probability for the “Not Iris virginica”

15 NumPy’s reshape() function allows one dimension to be -1, which means “unspecified”: the value is inferred
from the length of the array and the remaining dimensions.
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class). In between these extremes, the classifier is unsure. However, if you ask it to
predict the class (using the predict() method rather than the predict_proba()
method), it will return whichever class is the most likely. Therefore, there is a decision
boundary at around 1.6 cm where both probabilities are equal to 50%: if the petal
width is higher than 1.6 cm, the classifier will predict that the flower is an Iris virgin-
ica, and otherwise it will predict that it is not (even if it is not very confident):

>>> log_reg.predict([[1.7], [1.51])
array([1, 0])

Figure 4-24 shows the same dataset, but this time displaying two features: petal width
and length. Once trained, the Logistic Regression classifier can, based on these two
features, estimate the probability that a new flower is an Iris virginica. The dashed line
represents the points where the model estimates a 50% probability: this is the model’s
decision boundary. Note that it is a linear boundary.'® Each parallel line represents the
points where the model outputs a specific probability, from 15% (bottom left) to 90%
(top right). All the flowers beyond the top-right line have an over 90% chance of
being Iris virginica, according to the model.

A A

A
A

Petal width

30 35 40 45 5.0 55 6.0 6.5 7.0
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Figure 4-24. Linear decision boundary

Just like the other linear models, Logistic Regression models can be regularized using
¢, or ¢, penalties. Scikit-Learn actually adds an €, penalty by default.

The hyperparameter controlling the regularization strength of a
Scikit-Learn LogisticRegression model is not alpha (as in other
linear models), but its inverse: C. The higher the value of C, the less
the model is regularized.

16 It is the the set of points x such that 6y + 6,x; + 0,x, = 0, which defines a straight line.
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Softmax Regression

The Logistic Regression model can be generalized to support multiple classes directly,
without having to train and combine multiple binary classifiers (as discussed in
Chapter 3). This is called Softmax Regression, or Multinomial Logistic Regression.

The idea is simple: when given an instance x, the Softmax Regression model first
computes a score s,(x) for each class k, then estimates the probability of each class by
applying the softmax function (also called the normalized exponential) to the scores.
The equation to compute s,(x) should look familiar, as it is just like the equation for
Linear Regression prediction (see Equation 4-19).

Equation 4-19. Softmax score for class k

sp(x) = x79k)

Note that each class has its own dedicated parameter vector O®. All these vectors are
typically stored as rows in a parameter matrix ©.

Once you have computed the score of every class for the instance x, you can estimate
the probability p, that the instance belongs to class k by running the scores through
the softmax function (Equation 4-20). The function computes the exponential of
every score, then normalizes them (dividing by the sum of all the exponentials). The
scores are generally called logits or log-odds (although they are actually unnormal-

ized log-odds).

Equation 4-20. Softmax function

exp (sk(x))

=0 =
¢ k Zﬁl exp (s j(x))

In this equation:

 Kis the number of classes.
« §(x) is a vector containing the scores of each class for the instance x.

o 0(s(x)), is the estimated probability that the instance x belongs to class k, given
the scores of each class for that instance.
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Just like the Logistic Regression classifier, the Softmax Regression classifier predicts
the class with the highest estimated probability (which is simply the class with the
highest score), as shown in Equation 4-21.

Equation 4-21. Softmax Regression classifier prediction

5 _ _ o(k\T
y arginax o(s(x)) arginax 5(x) argrknax (( ) x)

The argmax operator returns the value of a variable that maximizes a function. In this
equation, it returns the value of k that maximizes the estimated probability o(s(x)),.

The Softmax Regression classifier predicts only one class at a time
(i.e., it is multiclass, not multioutput), so it should be used only
with mutually exclusive classes, such as different types of plants.
You cannot use it to recognize multiple people in one picture.

Now that you know how the model estimates probabilities and makes predictions,
let’s take a look at training. The objective is to have a model that estimates a high
probability for the target class (and consequently a low probability for the other
classes). Minimizing the cost function shown in Equation 4-22, called the cross
entropy, should lead to this objective because it penalizes the model when it estimates
a low probability for a target class. Cross entropy is frequently used to measure how
well a set of estimated class probabilities matches the target classes.

Equation 4-22. Cross entropy cost function

J(©) = -3 3K | y,(j)log( ﬁg))

In this equation:

. yg) is the target probability that the i instance belongs to class k. In general, it is

either equal to 1 or 0, depending on whether the instance belongs to the class or
not.

Notice that when there are just two classes (K = 2), this cost function is equivalent to
the Logistic Regression’s cost function (log loss; see Equation 4-17).
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Cross Entropy

Cross entropy originated from information theory. Suppose you want to efficiently
transmit information about the weather every day. If there are eight options (sunny,
rainy, etc.), you could encode each option using three bits because 2° = 8. However, if
you think it will be sunny almost every day, it would be much more efficient to code
“sunny” on just one bit (0) and the other seven options on four bits (starting with a
1). Cross entropy measures the average number of bits you actually send per option.
If your assumption about the weather is perfect, cross entropy will be equal to the
entropy of the weather itself (i.e., its intrinsic unpredictability). But if your assump-
tions are wrong (e.g., if it rains often), cross entropy will be greater by an amount
called the Kullback-Leibler (KL) divergence.

The cross entropy between two probability distributions p and g is defined as H(p,q)
= —> p(x) log q(x) (at least when the distributions are discrete). For more details,
check out my video on the subject.

The gradient vector of this cost function with regard to 8® is given by Equation 4-23.

Equation 4-23. Cross entropy gradient vector for class k
v J@-=L¥ (A - )
o) m; S \Tk Tk

Now you can compute the gradient vector for every class, then use Gradient Descent
(or any other optimization algorithm) to find the parameter matrix ® that minimizes
the cost function.

Let’s use Softmax Regression to classify the iris flowers into all three classes. Scikit-
Learn’s LogisticRegression uses one-versus-the-rest by default when you train it on
more than two classes, but you can set the multi_class hyperparameter to "multino
mial" to switch it to Softmax Regression. You must also specify a solver that supports
Softmax Regression, such as the "1bfgs" solver (see Scikit-Learn’s documentation for
more details). It also applies £, regularization by default, which you can control using
the hyperparameter C:

X = iris["data"][:, (2, 3)] # petal length, petal width
y = iris["target"]

softmax_reg = LogisticRegression(multi_class="multinomial",solver="1bfgs", C=10)
softmax_reg.fit(X, y)
So the next time you find an iris with petals that are 5 cm long and 2 cm wide, you
can ask your model to tell you what type of iris it is, and it will answer Iris virginica
(class 2) with 94.2% probability (or Iris versicolor with 5.8% probability):
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>>> softmax_reg.predict([[5, 2]])

array([2])

>>> softmax_reg.predict_proba([[5, 2]])
array([[6.38014896e-07, 5.74929995e-02, 9.42506362e-01]])

Figure 4-25 shows the resulting decision boundaries, represented by the background
colors. Notice that the decision boundaries between any two classes are linear. The
figure also shows the probabilities for the Iris versicolor class, represented by the
curved lines (e.g., the line labeled with 0.450 represents the 45% probability bound-
ary). Notice that the model can predict a class that has an estimated probability below
50%. For example, at the point where all decision boundaries meet, all classes have an
equal estimated probability of 33%.

Petal width

3.5
3.0
2.5
20{ A [lrisvirginica
Iris versicolor
1.5 Iris setosa
1.0
0.5
0.0 . .
0 1 2

Petal length

Figure 4-25. Softmax Regression decision boundaries

Exercises

. Which Linear Regression training algorithm can you use if you have a training

set with millions of features?

. Suppose the features in your training set have very different scales. Which algo-

rithms might suffer from this, and how? What can you do about it?

. Can Gradient Descent get stuck in a local minimum when training a Logistic

Regression model?

Do all Gradient Descent algorithms lead to the same model, provided you let
them run long enough?

. Suppose you use Batch Gradient Descent and you plot the validation error at

every epoch. If you notice that the validation error consistently goes up, what is
likely going on? How can you fix this?

Is it a good idea to stop Mini-batch Gradient Descent immediately when the vali-
dation error goes up?
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10.

11.

12.

Which Gradient Descent algorithm (among those we discussed) will reach the
vicinity of the optimal solution the fastest? Which will actually converge? How
can you make the others converge as well?

. Suppose you are using Polynomial Regression. You plot the learning curves and

you notice that there is a large gap between the training error and the validation
error. What is happening? What are three ways to solve this?

. Suppose you are using Ridge Regression and you notice that the training error

and the validation error are almost equal and fairly high. Would you say that the
model suffers from high bias or high variance? Should you increase the regulari-
zation hyperparameter « or reduce it?

Why would you want to use:

a. Ridge Regression instead of plain Linear Regression (i.e., without any regula-
rization)?

b. Lasso instead of Ridge Regression?
c. Elastic Net instead of Lasso?

Suppose you want to classify pictures as outdoor/indoor and daytime/nighttime.
Should you implement two Logistic Regression classifiers or one Softmax Regres-
sion classifier?

Implement Batch Gradient Descent with early stopping for Softmax Regression
(without using Scikit-Learn).

Solutions to these exercises are available in Appendix A.
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CHAPTER 5
Support Vector Machines

A Support Vector Machine (SVM) is a powerful and versatile Machine Learning
model, capable of performing linear or nonlinear classification, regression, and even
outlier detection. It is one of the most popular models in Machine Learning, and any-
one interested in Machine Learning should have it in their toolbox. SVMs are partic-
ularly well suited for classification of complex small- or medium-sized datasets.

This chapter will explain the core concepts of SVMs, how to use them, and how they
work.

Linear SVM Classification

The fundamental idea behind SVMs is best explained with some pictures. Figure 5-1
shows part of the iris dataset that was introduced at the end of Chapter 4. The two
classes can clearly be separated easily with a straight line (they are linearly separable).
The left plot shows the decision boundaries of three possible linear classifiers. The
model whose decision boundary is represented by the dashed line is so bad that it
does not even separate the classes properly. The other two models work perfectly on
this training set, but their decision boundaries come so close to the instances that
these models will probably not perform as well on new instances. In contrast, the
solid line in the plot on the right represents the decision boundary of an SVM classi-
fier; this line not only separates the two classes but also stays as far away from the
closest training instances as possible. You can think of an SVM classifier as fitting the
widest possible street (represented by the parallel dashed lines) between the classes.
This is called large margin classification.
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Figure 5-1. Large margin classification

Notice that adding more training instances “off the street” will not affect the decision
boundary at all: it is fully determined (or “supported”) by the instances located on the
edge of the street. These instances are called the support vectors (they are circled in
Figure 5-1).

Unscaled Scaled

75 A

X150

254

Figure 5-2. Sensitivity to feature scales

SVMs are sensitive to the feature scales, as you can see in
Figure 5-2: in the left plot, the vertical scale is much larger than the
horizontal scale, so the widest possible street is close to horizontal.
After feature scaling (e.g., using Scikit-Learn’s StandardScaler),
the decision boundary in the right plot looks much better.

Soft Margin Classification

If we strictly impose that all instances must be off the street and on the right side, this
is called hard margin classification. There are two main issues with hard margin clas-
sification. First, it only works if the data is linearly separable. Second, it is sensitive to
outliers. Figure 5-3 shows the iris dataset with just one additional outlier: on the left,
it is impossible to find a hard margin; on the right, the decision boundary ends up
very different from the one we saw in Figure 5-1 without the outlier, and it will prob-
ably not generalize as well.
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Figure 5-3. Hard margin sensitivity to outliers

To avoid these issues, use a more flexible model. The objective is to find a good bal-
ance between keeping the street as large as possible and limiting the margin violations
(i.e., instances that end up in the middle of the street or even on the wrong side). This
is called soft margin classification.

When creating an SVM model using Scikit-Learn, we can specify a number of hyper-
parameters. C is one of those hyperparameters. If we set it to a low value, then we end
up with the model on the left of Figure 5-4. With a high value, we get the model on
the right. Margin violations are bad. It’s usually better to have few of them. However,

in this case the model on the left has a lot of margin violations but will probably gen-
eralize better.
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Figure 5-4. Large margin (left) versus fewer margin violations (right)

If your SVM model is overfitting, you can try regularizing it by
reducing C.

The following Scikit-Learn code loads the iris dataset, scales the features, and then
trains a linear SVM model (using the LinearSVC class with C=1 and the hinge loss
function, described shortly) to detect Iris virginica flowers:

import as
from import datasets
from import Pipeline
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from sklearn.preprocessing import StandardScaler
from sklearn.svm import LinearSVC

iris = datasets.load_iris()
X = iris["data"][:, (2, 3)] # petal length, petal width
y = (iris["target"] == 2).astype(np.float64) # Iris virginica

svm_clf = Pipeline([
("scaler", StandardScaler()),
("linear_svc", LinearSVC(C=1, loss="hinge")),

D

svm_clf.fit(X, y)

The resulting model is represented on the left in Figure 5-4.

Then, as usual, you can use the model to make predictions:

Instead of using the LinearSVC class, we could use the SVC class with a linear kernel.
When creating the SVC model, we would write SVC(kernel="1inear", C=1). Or we
could use the SGDClassifier class, with SGDClassifier(loss="hinge", alpha=1/
(m*C)). This applies regular Stochastic Gradient Descent (see Chapter 4) to train a
linear SVM classifier. It does not converge as fast as the LinearSVC class, but it can be
useful to handle online classification tasks or huge datasets that do not fit in memory

>>> svm_clf.predict([[5.5, 1.7]1])

array([1.])

Unlike Logistic Regression classifiers, SVM classifiers do not out-
put probabilities for each class.

(out-of-core training).

The LinearSVC class regularizes the bias term, so you should center
the training set first by subtracting its mean. This is automatic if
you scale the data using the StandardScaler. Also make sure you
set the loss hyperparameter to "hinge", as it is not the default
value. Finally, for better performance, you should set the dual
hyperparameter to False, unless there are more features than
training instances (we will discuss duality later in the chapter).
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Nonlinear SVM Classification

Although linear SVM classifiers are efficient and work surprisingly well in many
cases, many datasets are not even close to being linearly separable. One approach to
handling nonlinear datasets is to add more features, such as polynomial features (as
you did in Chapter 4); in some cases this can result in a linearly separable dataset.
Consider the left plot in Figure 5-5: it represents a simple dataset with just one fea-
ture, x,. This dataset is not linearly separable, as you can see. But if you add a second
feature x, = (x,)? the resulting 2D dataset is perfectly linearly separable.
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Figure 5-5. Adding features to make a dataset linearly separable

To implement this idea using Scikit-Learn, create a Pipeline containing a Polyno
mialFeatures transformer (discussed in “Polynomial Regression” on page 128), fol-
lowed by a StandardScaler and a LinearSVC. Let’s test this on the moons dataset: this
is a toy dataset for binary classification in which the data points are shaped as two
interleaving half circles (see Figure 5-6). You can generate this dataset using the
make_moons () function:

from import make_moons
from import Pipeline
from import PolynomialFeatures

X, y = make_moons(n_samples=100, noise=0.15)
polynomial_svm_clf = Pipeline([
("poly_features", PolynomialFeatures(degree=3)),
("scaler", StandardScaler()),
("svm_clf", LinearSVC(C=10, loss="hinge"))
D

polynomial_svm_clf.fit(X, y)
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Figure 5-6. Linear SVM classifier using polynomial features

Polynomial Kernel

Adding polynomial features is simple to implement and can work great with all sorts
of Machine Learning algorithms (not just SVMs). That said, at a low polynomial
degree, this method cannot deal with very complex datasets, and with a high polyno-
mial degree it creates a huge number of features, making the model too slow.

Fortunately, when using SVMs you can apply an almost miraculous mathematical
technique called the kernel trick (explained in a moment). The kernel trick makes it
possible to get the same result as if you had added many polynomial features, even
with very high-degree polynomials, without actually having to add them. So there is
no combinatorial explosion of the number of features because you don’t actually add
any features. This trick is implemented by the SVC class. Let’s test it on the moons
dataset:

from import SVC
poly_kernel_svm_clf = Pipeline([
("scaler", StandardScaler()),
("svm_clf", SVC(kernel="poly", degree=3, coef@=1, C=5))
D
poly_kernel_svm_clf.fit(X, y)
This code trains an SVM classifier using a third-degree polynomial kernel. It is repre-
sented on the left in Figure 5-7. On the right is another SVM classifier using a 10th-
degree polynomial kernel. Obviously, if your model is overfitting, you might want to
reduce the polynomial degree. Conversely, if it is underfitting, you can try increasing
it. The hyperparameter coef0 controls how much the model is influenced by high-
degree polynomials versus low-degree polynomials.
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Figure 5-7. SVM classifiers with a polynomial kernel

A common approach to finding the right hyperparameter values is
to use grid search (see Chapter 2). It is often faster to first do a very
coarse grid search, then a finer grid search around the best values
found. Having a good sense of what each hyperparameter actually
does can also help you search in the right part of the hyperparame-
ter space.

Similarity Features

Another technique to tackle nonlinear problems is to add features computed using a
similarity function, which measures how much each instance resembles a particular
landmark. For example, let’s take the 1D dataset discussed earlier and add two land-
marks to it at x; = -2 and x; = 1 (see the left plot in Figure 5-8). Next, let’s define the
similarity function to be the Gaussian Radial Basis Function (RBF) with y = 0.3 (see
Equation 5-1).

Equation 5-1. Gaussian RBF

¢, = exp (—yl x-¢ )

This is a bell-shaped function varying from 0 (very far away from the landmark) to 1
(at the landmark). Now we are ready to compute the new features. For example, let’s
look at the instance x; = —1: it is located at a distance of 1 from the first landmark and
2 from the second landmark. Therefore its new features are x, = exp(-0.3 x 1?) = 0.74
and x, = exp(-0.3 x 22) = 0.30. The plot on the right in Figure 5-8 shows the trans-
formed dataset (dropping the original features). As you can see, it is now linearly
separable.

Nonlinear SYM Classification | 159



1.00 P e 1.0 A
I'/ X2 \\\ X3
/ \ B 5 0.81
0.75 1 7 Y h A
> I N
2 / % Y X6
7 s 0
S 0504 X 3 TN~ #(x)
€ / AN ) 0.4 Sso
n / R . ~
g \ " SN
0251 XN 0 021 ~ol
5 N\, * ~
. ~ . ~
, \5} . S < A
0.00 —= — - — - = 0.0 - <
- A4 | | ~ ~
-4 -2 0 2 4 0.0 0.2 0.4 0.6 0.8 1.0
X1 X2

Figure 5-8. Similarity features using the Gaussian RBF

You may wonder how to select the landmarks. The simplest approach is to create a
landmark at the location of each and every instance in the dataset. Doing that creates
many dimensions and thus increases the chances that the transformed training set
will be linearly separable. The downside is that a training set with 1 instances and n
features gets transformed into a training set with m instances and m features (assum-
ing you drop the original features). If your training set is very large, you end up with
an equally large number of features.

Gaussian RBF Kernel

Just like the polynomial features method, the similarity features method can be useful
with any Machine Learning algorithm, but it may be computationally expensive to
compute all the additional features, especially on large training sets. Once again the
kernel trick does its SVM magic, making it possible to obtain a similar result as if you
had added many similarity features. Lets try the SVC class with the Gaussian RBF
kernel:

rbf_kernel_svm_clf = Pipeline([
("scaler", StandardScaler()),
("svm_clf", SVC(kernel="rbf", gamma=5, C=0.001))

rbf_iirnel_svm_clf.fit(X, )
This model is represented at the bottom left in Figure 5-9. The other plots show mod-
els trained with different values of hyperparameters gamma (y) and C. Increasing gamma
makes the bell-shaped curve narrower (see the lefthand plots in Figure 5-8). As a
result, each instance’s range of influence is smaller: the decision boundary ends up
being more irregular, wiggling around individual instances. Conversely, a small gamma
value makes the bell-shaped curve wider: instances have a larger range of influence,
and the decision boundary ends up smoother. So y acts like a regularization
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hyperparameter: if your model is overfitting, you should reduce it; if it is underfitting,
you should increase it (similar to the C hyperparameter).

s y=0.1,C=0.001 y=0.1,C=1000
= | | - | |
1.0 " 1 = am
i." .A'.l-. Fa A i-" .A'.l-. F) A
4 | 4 | ]
Xo 0.5 l..l- AAA an ... Aa A -..l- AAA ol ... P

| mmm® ~ | aa A LR B = " a A 4

i I EIRNE R . I YL Y
VRSV Lp  waoa,dy
—0.54 A A M N A A A M N A
-1.0
s y=5,C=0.001 y=5,C=1000
- | | a | |
1.0 ™ -5 T u IH
'.‘. .".l.. f A '.‘. .".l.. J A
4 [ | 4 n
X2 05 :l.- AA‘ ] l.l 44 A :l.- AA‘ T l.l 44 A

| mum ® AN ST A 4 m "y " SN EUE A A

R e A e AT % J IR I ar WA
VRN Aa A ALl
-0.5 A SR A S L
215 -10 -05 00 05 1.0 15 20 -15 -10 -05 00 05 10 15 20
X1 X1

Figure 5-9. SVM classifiers using an RBF kernel

Other kernels exist but are used much more rarely. Some kernels are specialized for
specific data structures. String kernels are sometimes used when classifying text docu-
ments or DNA sequences (e.g., using the string subsequence kernel or kernels based on
the Levenshtein distance).

With so many kernels to choose from, how can you decide which
one to use? As a rule of thumb, you should always try the linear
kernel first (remember that LinearSVC is much faster than SVC(ker
nel="linear")), especially if the training set is very large or if it
has plenty of features. If the training set is not too large, you should
also try the Gaussian RBF kernel; it works well in most cases. Then
if you have spare time and computing power, you can experiment
with a few other kernels, using cross-validation and grid search.
Youd want to experiment like that especially if there are kernels
specialized for your training set’s data structure.
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Computational Complexity

The LinearSVC class is based on the liblinear library, which implements an opti-
mized algorithm for linear SVMs.! It does not support the kernel trick, but it scales
almost linearly with the number of training instances and the number of features. Its
training time complexity is roughly O(m x n).

The algorithm takes longer if you require very high precision. This is controlled by
the tolerance hyperparameter € (called tol in Scikit-Learn). In most classification
tasks, the default tolerance is fine.

The SVC class is based on the libsvm library, which implements an algorithm that
supports the kernel trick.? The training time complexity is usually between O(m?* x n)
and O(m? x n). Unfortunately, this means that it gets dreadfully slow when the num-
ber of training instances gets large (e.g., hundreds of thousands of instances). This
algorithm is perfect for complex small or medium-sized training sets. It scales well
with the number of features, especially with sparse features (i.e., when each instance
has few nonzero features). In this case, the algorithm scales roughly with the average
number of nonzero features per instance. Table 5-1 compares Scikit-Learn's SVM
classification classes.

Table 5-1. Comparison of Scikit-Learn classes for SVM classification

Class Time complexity Out-of-core support  Scaling required Kernel trick
LinearSVC 0(m X n) No Yes No
SGDClassifier O0(mxn) Yes Yes No
SVC 0(m*x n)to 0(m*x n) No Yes Yes

SVM Regression

As mentioned earlier, the SVM algorithm is versatile: not only does it support linear
and nonlinear classification, but it also supports linear and nonlinear regression. To
use SVMs for regression instead of classification, the trick is to reverse the objective:
instead of trying to fit the largest possible street between two classes while limiting
margin violations, SVM Regression tries to fit as many instances as possible on the
street while limiting margin violations (i.e., instances off the street). The width of the
street is controlled by a hyperparameter, e. Figure 5-10 shows two linear SVM

1 Chih-Jen Lin et al., “A Dual Coordinate Descent Method for Large-Scale Linear SVM,” Proceedings of the 25th
International Conference on Machine Learning (2008): 408-415.

2 John Platt, “Sequential Minimal Optimization: A Fast Algorithm for Training Support Vector Machines”
(Microsoft Research technical report, April 21, 1998), https://www.microsoft.com/en-us/research/wp-content/
uploads/2016/02/tr-98-14.pdf.
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Regression models trained on some random linear data, one with a large margin (¢ =
1.5) and the other with a small margin (¢=0.5).
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Figure 5-10. SVM Regression

Adding more training instances within the margin does not affect the model’s predic-
tions; thus, the model is said to be e-insensitive.

You can use Scikit-Learn’s LinearSVR class to perform linear SVM Regression. The
following code produces the model represented on the left in Figure 5-10 (the train-
ing data should be scaled and centered first):

from import LinearSVR

svm_reg = LinearSVR(epsilon=1.5)

svm_reg. fit(X, y)
To tackle nonlinear regression tasks, you can use a kernelized SVM model.
Figure 5-11 shows SVM Regression on a random quadratic training set, using a
second-degree polynomial kernel. There is little regularization in the left plot (i.e., a
large C value), and much more regularization in the right plot (i.e., a small C value).
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Figure 5-11. SVM Regression using a second-degree polynomial kernel

The following code uses Scikit-Learn’s SVR class (which supports the kernel trick) to
produce the model represented on the left in Figure 5-11:

from import SVR

svm_poly_reg = SVR(kernel="poly", degree=2, C=100, epsilon=0.1)
svm_poly_reg.fit(X, y)
The SVR class is the regression equivalent of the SVC class, and the LinearSVR class is
the regression equivalent of the LinearSVC class. The LinearSVR class scales linearly
with the size of the training set (just like the LinearSVC class), while the SVR class gets
much too slow when the training set grows large (just like the SVC class).

SVMs can also be used for outlier detection; see Scikit-Learn’s doc-
umentation for more details.

Under the Hood

This section explains how SVMs make predictions and how their training algorithms
work, starting with linear SVM classifiers. If you are just getting started with Machine
Learning, you can safely skip it and go straight to the exercises at the end of this chap-
ter, and come back later when you want to get a deeper understanding of SVMs.

First, a word about notations. In Chapter 4 we used the convention of putting all the
model parameters in one vector 0, including the bias term 6, and the input feature
weights 0, to 0,, and adding a bias input x, = 1 to all instances. In this chapter we will
use a convention that is more convenient (and more common) when dealing with
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SVMs: the bias term will be called b, and the feature weights vector will be called w.
No bias feature will be added to the input feature vectors.

Decision Function and Predictions

The linear SVM classifier model predicts the class of a new instance x by simply com-
puting the decision function w'x + b = w, x; + - + w, x,, + b. If the result is positive,
the predicted class y is the positive class (1), and otherwise it is the negative class (0);
see Equation 5-2.

Equation 5-2. Linear SVM classifier prediction

0if wix+b<0,

1if wix+b20

Figure 5-12 shows the decision function that corresponds to the model in the left in
Figure 5-4: it is a 2D plane because this dataset has two features (petal width and petal
length). The decision boundary is the set of points where the decision function is
equal to 0: it is the intersection of two planes, which is a straight line (represented by
the thick solid line).?
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Figure 5-12. Decision function for the iris dataset

3 More generally, when there are n features, the decision function is an n-dimensional hyperplane, and the deci-
sion boundary is an (n - 1)-dimensional hyperplane.
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The dashed lines represent the points where the decision function is equal to 1 or -1:
they are parallel and at equal distance to the decision boundary, and they form a mar-
gin around it. Training a linear SVM classifier means finding the values of w and b
that make this margin as wide as possible while avoiding margin violations (hard
margin) or limiting them (soft margin).

Training Objective

Consider the slope of the decision function: it is equal to the norm of the weight vec-
tor, || w ||. If we divide this slope by 2, the points where the decision function is equal
to £1 are going to be twice as far away from the decision boundary. In other words,
dividing the slope by 2 will multiply the margin by 2. This may be easier to visualize
in 2D, as shown in Figure 5-13. The smaller the weight vector w, the larger the
margin.

wp=1
2 1
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1
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Wix1 . .
1
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-3 -2 -1 0 1 2 3 -3 -2 -1 0 1 2 3
X1 X1

Figure 5-13. A smaller weight vector results in a larger margin

So we want to minimize || w || to get a large margin. If we also want to avoid any
margin violations (hard margin), then we need the decision function to be greater
than 1 for all positive training instances and lower than -1 for negative training
instances. If we define #? = -1 for negative instances (if y = 0) and #” = 1 for positive
instances (if y® = 1), then we can express this constraint as t(w™ x? + b) > 1 for all
instances.

We can therefore express the hard margin linear SVM classifier objective as the con-

strained optimization problem in Equation 5-3.

Equation 5-3. Hard margin linear SVM classifier objective

s 1
minimize —w'w
w,b 2

subject to t(i)<wa(i) + b) 21 fori=12,--,m
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We are minimizing % wT w, which is equal to %|| w ||%, rather than
minimizing || w ||. Indeed, %|| w ||? has a nice, simple derivative (it
is just w), while || w || is not differentiable at w = 0. Optimization
algorithms work much better on differentiable functions.

To get the soft margin objective, we need to introduce a slack variable {? > 0 for each
instance:* (' measures how much the i instance is allowed to violate the margin. We
now have two conflicting objectives: make the slack variables as small as possible to
reduce the margin violations, and make % w™ w as small as possible to increase the
margin. This is where the C hyperparameter comes in: it allows us to define the trade-
off between these two objectives. This gives us the constrained optimization problem
in Equation 5-4.

Equation 5-4. Soft margin linear SVM classifier objective
. 1 . S i)
minimjze ww+C Y. (
w, b, 2 i=1

subject to t(i)(wa(i) + b) >1- ((i) and C(i) >0 fori=1,2,---,m

Quadratic Programming

The hard margin and soft margin problems are both convex quadratic optimization
problems with linear constraints. Such problems are known as Quadratic Program-
ming (QP) problems. Many off-the-shelf solvers are available to solve QP problems
by using a variety of techniques that are outside the scope of this book.’

4 Zeta () is the sixth letter of the Greek alphabet.

5 To learn more about Quadratic Programming, you can start by reading Stephen Boyd and Lieven Vandenber-
ghe’s book Convex Optimization (Cambridge University Press, 2004) or watch Richard Brown'’s series of video
lectures.
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The general problem formulation is given by Equation 5-5.

Equation 5-5. Quadratic Programming problem

Minimize %pTHp + fTp
p
subject to Ap<b

p is an n_-dimensional vector (n = number of parameters),

aS)

H is an n_x n,_ matrix,

p p
where f isann p—dimensional vector,
A isan n xn o matrix (n, = number of constraints),
b isann C—dimensional vector.
Note that the expression A p < b defines #, constraints: pT a® < b? fori=1,2, ---, n,

where a? is the vector containing the elements of the i row of A and b® is the i*
element of b.

You can easily verify that if you set the QP parameters in the following way, you get
the hard margin linear SVM classifier objective:

 n,=n+ 1, where n is the number of features (the +1 is for the bias term).
o n.=m, where m is the number of training instances.

 His the n, x n, identity matrix, except with a zero in the top-left cell (to ignore
the bias term).

« f=0, an n,-dimensional vector full of Os.
« b=-1, an n-dimensional vector full of -1s.

o 2 = -1 x0 where x? is equal to x with an extra bias feature x, = 1.

One way to train a hard margin linear SVM classifier is to use an off-the-shelf QP
solver and pass it the preceding parameters. The resulting vector p will contain the
bias term b = p, and the feature weights w; = p; for i = 1, 2, ---, n. Similarly, you can
use a QP solver to solve the soft margin problem (see the exercises at the end of the
chapter).

To use the kernel trick, we are going to look at a different constrained optimization
problem.

The Dual Problem

Given a constrained optimization problem, known as the primal problem, it is possi-
ble to express a different but closely related problem, called its dual problem. The
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solution to the dual problem typically gives a lower bound to the solution of the pri-
mal problem, but under some conditions it can have the same solution as the primal
problem. Luckily, the SVM problem happens to meet these conditions,® so you can
choose to solve the primal problem or the dual problem; both will have the same sol-
ution. Equation 5-6 shows the dual form of the linear SVM objective (if you are inter-
ested in knowing how to derive the dual problem from the primal problem, see
Appendix C).

Equation 5-6. Dual form of the linear SVM objective

!

minimize L 3 3 aDa00g0Ty0)  _
o i=1j=1
subject to >0 fori=1,2-m

Once you find the vector a that minimizes this equation (using a QP solver), use
Equation 5-7 to compute w and b that minimize the primal problem.

Equation 5-7. From the dual solution to the primal solution

PORON0)
1

I3

w =
i

S
M3

(19— w7x)

1
nS

=

i=1
a0
The dual problem is faster to solve than the primal one when the number of training
instances is smaller than the number of features. More importantly, the dual problem
makes the kernel trick possible, while the primal does not. So what is this kernel trick,

anyway?
Kernelized SVMs

Suppose you want to apply a second-degree polynomial transformation to a two-
dimensional training set (such as the moons training set), then train a linear SVM
classifier on the transformed training set. Equation 5-8 shows the second-degree pol-
ynomial mapping function ¢ that you want to apply.

6 The objective function is convex, and the inequality constraints are continuously differentiable and convex
functions.
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Equation 5-8. Second-degree polynomial mapping

xlz
X
$lx) = ¢((x1)) - |V2xx,
2
X22

Notice that the transformed vector is 3D instead of 2D. Now let’s look at what hap-
pens to a couple of 2D vectors, a and b, if we apply this second-degree polynomial
mapping and then compute the dot product’ of the transformed vectors (See Equa-
tion 5-9).

Equation 5-9. Kernel trick for a second-degree polynomial mapping

2 \T 2
a b,
$@)Tp(b)  =|v2ayay| |V2b,b,| = a,’b* +2a,b,a,b, + a,’b,’
2 2
a, bz
a\T(b 2
= (a,b, +ab,)* = ( 1) (bl) = (a™b)’
43) \92

How about that? The dot product of the transformed vectors is equal to the square of
the dot product of the original vectors: ¢(a)T ¢(b) = (a™ b)~

Here is the key insight: if you apply the transformation ¢ to all training instances,
then the dual problem (see Equation 5-6) will contain the dot product ¢(x”)T ¢(x?).
But if ¢ is the second-degree polynomial transformation defined in Equation 5-8,

then you can replace this dot product of transformed vectors simply by (x(i)Tx(j))z. So,
you don’t need to transform the training instances at all; just replace the dot product
by its square in Equation 5-6. The result will be strictly the same as if you had gone
through the trouble of transforming the training set then fitting a linear SVM algo-
rithm, but this trick makes the whole process much more computationally efficient.

The function K(a, b) = (a7 b)? is a second-degree polynomial kernel. In Machine
Learning, a kernel is a function capable of computing the dot product ¢(a)T ¢(b),

7 As explained in Chapter 4, the dot product of two vectors a and b is normally noted a - b. However, in
Machine Learning, vectors are frequently represented as column vectors (i.e., single-column matrices), so the
dot product is achieved by computing aTb. To remain consistent with the rest of the book, we will use this
notation here, ignoring the fact that this technically results in a single-cell matrix rather than a scalar value.
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